
























































































































































































92 fJI. 5. l1HBEPCI1.H OTHOCl1TEJibHO IIP.HMOJ/1 

JieHa, HO rrpirne,n;eHHOe Bhiffie rrpaBIIJIO He rrpHMeHHMO, IIOTOMY qTO ycJIOBHe 
1 

f(x) -+ ±oo 3,D;eCb He BhlllOJIHHeTCH H cpyHKIJ;HH f( ) B TOqKe x = 2 TaK)J{e 
X-+Xo X 

He orrpe,n;eJieHa, HO B TOqKe x = 1 cpyHKIJ;HH f ( x) He orrpe,n;eJieHa, a cpyHKIJ;HH 
1 1 

f ( ) paBHa 0. B aToM cJiyqae ---+ oo. 
x yl-xx--+l 

1 
IlocTpOOHHe rpacpHKa cpyHKIJ;HH f(x) ITO TO'!KaM COBeprneHHO oqeBH,lJ;HO. 

Ka)J{,ll;o:tt TO'IKe rpacpHKa cpyHKIJ;HH f(x) c Koop,n;HHaTaMH (x, y) CTaBHTCH 

B COOTBeTCTBHe TQqKa rpacpnKa cpyHKIJ;HH c KOOp,n;HHaTaMH (x, 
1 

rrpH 3TOM MO)J{HO BOCIIOJih30BaThCH rpacpHKaMH cpyHKIJ;HM y = f(x) Hy= -
x 

(cM. pHC. 113). 
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2 3 

1 
f(x) H f(x) 

4 x 

IlycTh f(x) - HeKOTOpag cpyHKIJ;HH, 3a,D;aHHaH CBOHM rpacpHKOM, H306-

pa)J{eHHblM Ha pHc. 113 npephIBHCToii JIHHHeii; rpacpHK cpyHKIJ;HH y = .!. , 
x 

(rnrrep6oJia) H3o6pa)J{eH rryHKTHpOM. :JKeJiaH IlOCTpOHTb rpacpHK cpyHKIJ;HH 
1 f ( x) , Mhl ,D;OJI)J{Hhl Ka)J{,n;oii ToqKe A cpyHKIJ;HH f ( x) rrocTaBHTh 

B coOTBeTCTBHe TO'IKY A' rpacpHKa cpyHKIJ;HH f(x). ToqKy A' MO)J{HO HaHTH 

nocTpoeHHeM. CttaqaJia aaii,n;eM TOqKy A*, HMe101u;yro TaKyro )J{e op,n;ntta-



§ 18. rPA<l>l1K11 <l>YHKI..1;11VI f(x) 111/ f(x) 93 

1 
TY y, qTo H TOqKa A, H rrpHHa,!J;Jie2Kauzyro rHrrep6oJie - (cM. pHc. 113). Tor,!l;a 

x 1 
no CBOHCTBY rHrrep6oJihl OTpe30K A* Q = 0 P ,!J;OJI2KeH 6bITb paBeH - , T. e. 

y 
op,!J;HHaTe TOqKH A'. A6c!IHCCbI ToqeK A H A' paBHbI. OcTaeTcsr OTJI02KHTb 

OT ToqKH R oTpe3oK RA'= OP, - H TOqKa A' rrocTpoeHa. 

TaKHM crroco6oM M02KHO rrocTpOHTb CKOJibKO yro,!J;HO TOqeK rpacl>HKa 
1 

cPYHKI!HH f(x). Pa3yMeeTc.H, qeM 60JibIIIe TOqeK rpacl>nKa rrocTpoeHo, TeM 

TOqHee caM rpacl>nK; HO He CJie,!J;YeT 3a6bIBaTb, qTo BCSIKHM rpacl>HKOM 

cPYHKI!HSI 3a,!J;aeTCSI TOJlbKO npu6.//,Ua/Cetttt0 H rpacl>HKH cPYHKI!HH HCIIOJ1b3y

IOTCSI qaIIIe He ,!J;JUI pacqeTOB, a ,!J;JISI COCTaBJieHH.H o6rn;ero rrpe,!J;CTaBJieHHSI 

o xapaKTepe cPYHKI!HH, ee oco6eHHOCTsrx. IIoaTOMY He cJie,!J;YeT cTpeMHTbCSI 

K IIOCTpoeHHIO MaKCHMaJibHOro qHCJia TOqeK. Hy2KHO CHaqaJia ycTaHOBHTb 

HeIIO,!J;BH2KHbie TOqKH rrpH ,!l;aHHOM rrpeo6pa30BaHHH, T. e. TOqKH, B KOTOpbIX 
1 

J(x) = 1. ,Il;eii:CTBHTeJibHO, ecJIH f(x) = ±1, TO H f(x) = ±1. Ha HarneM 

pncyHKe aTo TOqKH E, F H G. 
3aTeM Ha rpacl>HKe cPYHKIIHH f(x) CJie,!J;YeT OTMeTHTb xapaKTepHbie Toq

KH (JIOKaJibHbie ::lKCTpeMyMbI, TOqKH rrepern6a, TOqKH pe3KOro H3MeHeHHSI 

cPYHKI!HH HT. ,!J;.). Ha pnc. 113 aTo TOqKH A, B, CH D. IloJie3HO TaK2Ke Ha

HeCTH HeCKOJibKO rrpoMe2KyTOqHbIX ToqeK. IIocJie IIOCTpoeHHSI COOTBeTCTBy-
1 

rorn;Hx ToqeK rpacl>HKa cPYHKI!HH f(x) (A', B', C', D') CJie,!J;YeT ycTaHOBHTb 

1 
aCHMIITOTbI rpacl>HKa cPYHKI!HH f(x). MbI paccMOTpHM TOJibKO acHMIITO-

TbI, rrapaJIJieJibHbie KOOp,!l;HHaTHbIM OC.HM. EcJIH cPYHKI!H.H f (x) o6paIIIaeTC.H 

B HYJib B TOqKe Xol T. e. f (xo) = 0, TO cPYHKI!H.H !(Ix) B 3TOH TOqKe He orrpe

,!J;eJieHa, O,!J;HaKO f(x) 7 ±oo, II03TOMy rrp.HMa.H x = Xo CJIY2KHT aCH~IITOTOH 

rpacl>nKa cPYHKI!HH f(x). B HarneM rrpHMepe rpacl>HK cPYHKI!HH f(x) HMe

eT ,!l;Be aCHMIITOTbI, napaJIJieJibHbie OCH Op,!J;HHaT, rrpOX0,!1;.HIIIHe qepe3 TOqKH, 

B KOTOpbIX f(x) o6paIIIaeTC.H B HYJib (cM. pHC. 113). 
1 1 1 

EcJIH J(x) --+ a, TO -f( ) --+ -, II03TOMY rrp.HMa.H y = - .HBJI.HeTC.H 
x-+±= x x-+±CX> a a 

1 
acHMIITOTOH rpacl>nKa cPYHKI!HH f(x). Ha pnc. 113 TaKHX aCHMIITOT HeT, HO 

qHTaTeJib HaH,!l;eT HX B CJie,!J;YIOIIl;HX rrpHMepax (cM. pHc. 118). 
1 

EcJIH f(x) --+ ±oo, TO -f( ) --+ 0, rro::1T0My ocb a6c!IHCC CJIY2KHT acnMrr-
x-+±= X 

TOTOH rpacl>HKa cPYHKI!HH !(~) (cM. pHC. 114 H 117). 

PaccMoTpHM HeCKOJibKO rrpHMepoB rrocTpoeHH.H rpacl>HKOB cPYHKI!HH ftx) 
,!J;JISI HeKOTOpbIX xoporno H3BeCTHbIX B cpe,!J;Heii: IIIKOJie cPYHKI!HH f ( x). 
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1 
y Y = 2x -1 

2 

1 

Pnc. 114 

y = 2x -1 

1 
f (x) 

1 
2x -1 

x 

1 
2x -1 

IlyCTb f(x) = 2x - 1 (cM. pHC. 114) H He06XO,ll,HMO IIOCTpOHTb rpa¢HK 
1 

¢yttKIJ;Irn y = -
2
--. Bh!rroJimr.a H3JimKeHHhie Bhillie Tpe6oBaHmi:, rrocTpOHM 
x-1 1 

rrpe,1],BapHT8JibHO rpa¢HKH cPYHKI.IHM y = 2x - 1 Hy=-. 'YcTaHaBJIHBaeM Ha 
x 

rpa¢HKe cPYHKI.IHH y = 2x - 1 Tff'IKH, OCTaIOII.IH8C5I H8110,ll,BH)f(HbIMH IIpH HH-

BepCHH, T. e. Tff'IKH c op,ll,HHaTaMH ±1. Ha pHc. 114 3TO ToqKH AH B. 3aTeM 
1 u 

CTpOHM aCHMIITOTy x = 2 H 3aMeqaeM, qTo aCHMIITOTOH ,ll,OJI)f(Ha CJiy)f(HTb 

TaK)f(8 OCb a6CI.IHCC. Terrepb OCTa8TC5I IIOCTpOHTb CTOJibKO TOqeK rpa¢HKa 
1 

cPYHKI.IHH 2x - 1' CKOJibKO 6y,l],eT coqTeHO ,ll,OCTaTOqHbIM, B 3aBHCHMOCTH OT 

CT8118HH TOqHOCTH IIOCTpoeHH:f 

I'pa¢HK cPYHKI.IHH y = -2 1 MO)f(HQ paCCMaTpHBaTb TaK )Ke, KaK rpa-
x - 1 

cPHK cPYHKI.IHH J(kx + b), ecJIH f(x) = -. Tor,lJ,a OH MO)f(8T 6hITh rrocTpoeH 
x 1 

B pe3yJibTaTe C)f(aTH5I B 2 pa3a rpa¢HKa cPYHKI.IHH - KOCH x = 1 (cM. § 13). 
x 

Ha pHc. 115 ,ll,JI5I cpaBHeHH5I IIOKa3aH 3TOT crroco6 rrocTpoeHH5I. 

Ha pHc. 116, 117, 118 mo6pa)f(eHhI rpa¢HKH cPYHKI.IHit y = 2 ~ 1, 
x + x-

y = logx 2 H y = 2x ~ 3' IIOCTp08HHbI8 KaK rpa¢HKH cPYHKI.IHM f (Ix) . 

ax2 +bx +c 
B § 15 paccMaTpHBaJic5I rpa¢HK cPYHKI.IHH BH,ll,a y = d . 

x+e 
Ceitqac rrpe,1],cTaBJI5IeTc5I B03MO)f(HOCTb paccMoTpeTh rpa¢HK cPYHK-

dx + e ( 6 u u u ,ti. ) 
I.IHM y = ax2 + bx+ c ,ll,PO HO-JIHH8HHOH KBa,1],paTHqHOH '±'YHKI.IHH KaK 
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1 
y y=2x-1 

2 

1 

-2 -1 

·-----------------------,\ 
1 

\ II 

\2 

PHC. 115 

\ 
\ 
\ 

1 
y = x2 + 2x -1 

-2 -1 

----r----L\_ 
y = - i ,----- -, 

y 

2 

1 

0 

x !:::::::, '·-----,\, , _/\2 
1 

y = x2 + 2x -1 

PHC. 116 

2 3 x 

1 
f(x) = -, 

x 
1 f ( kx + b) = 2x _ 1 

1 2 3 x 

f(x) = x2 +2x -1, 
1 1 

f(x) = x2 + 2x - 1 

95 
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ax2 +bx+ c 
pe3yJihTaT HHBepcmi rpa¢HKa <i>YHKliliH y = d OTHOCHTeJibHO OCH 

x+e 
a6c:u;Hcc. Hamn 3aMe'!auna no noBo.zzy nocTpoeHna rpa¢nKa ¢YHKIJ;HH y = 

ax2 + bx+c 
= dx + e 'c,n;eJiaHHhie B KOH1le § 15, 1IeJIHKOM OTHOCHTCH K IIOCTpOeHmO 

dx+e 
rpa¢mca ¢YHK1IIIH y = 2 b . 

ax + x+c 

y 

2 

1 
y= -

x 
' ' ' ' ' ' ' ' ' . 

' . 
y = log2 x .,., 

1 
\\ \ 

>--,,y. / 
1 / ----------------· 

1 2 3 4 x 

f(x) = log2 x, 
1 1 

f(x) = log2 x = logx 2 

P11:c. 117 

y 

2 

1 

-2 -1 1 
--------------------------0 ________________ ltf---------------3-- x 

1 ,/ r f(x) = 2x - 3, 

y ~--2'--~-~------~: . I /(~) ~ ~ ~ 3 
P11:c. 118 



§ 19. rPA<l>l'.IKl'.I <l>YHKIJ;l'.IH j(x) l1 f(l/x) 

¥npaxrnemm 

IlocTpOHTe rpa<l>HKH <l>YHK~H. 
56. y = cosecx. 

1 
51.y=--. -. 

arcsmx 
1 

58.y=--
arccosx 

§ 19. fpacpHIOI cpyBKQBii /(x) Hf(;) 

97 

B 3TOM rraparpa¢e MhI paccMoTpHM rpa¢HKH <l>YHKIJ;HH BH,LI,a f (;.) , aB

muoru;Heca pe3yJlhTaTOM HHBepCHH rpa¢HKa cPYHKIJ;HH f(x) OTHOCHTeJlbHO 

OCH Op,Ll,HHaT. 

PaBeHCTBo f (~) = f(x) crrpaBe,Ll,JIHBo, ecnH J_ = x, T. e. xx3 = 1. 
x x1 

Jiro6oH: ToqKe M(x, y) rpa¢HKa cPYHKIJ;HH f(x) cooTBeTCTByeT ToqKa 

Mi(x1, Y1) rpa¢HKa cPYHK~H f ( ~), ecJIH x1 = ~ H Y1 = y; aTo 03HaqaeT, 

qTO rpa¢HK cPYHKIJ;HH f (;.) MO)K:T 6bITb rronyqe~ B pe3yJibTaTe HHBepCHH 

rpa¢HKa cPYHKIJ;HH f(x) OTHOCHTeJibHO OCH op,Ll,HHaT. ,ll;JIR IIOCTpOeHHR rpa

cPHKa cPYHKIJ;HH f (;.) y,n;o6ao BOCII0Jlb30Ba TbCR rHnep6oJIOH y = ;. . 

y 

c\ ____ A _____ f (~) ~-~-~(x) 
/ \ I --------------------------------------------------------, --- --- \-------------·"·--------------------r---(1) / \ \ / 

f x ,/Q' 1 -----~-~--------~~-~~~,Jt__./ 
I If ........ 1 /p11 B ._ _ 1B' 

E,l • t - -, : 

0 1 2 D 3 4 x 

Y = f (x) H f (~) 
\ 
\ -2 

PHc. 119 

Ha pHc. 119 BhIITOJIHeHo rrocTpoeHHe rpa¢HKa <l>YHKIJ;HH f ( .!. ) KaK pe-

3JJlhTaTa HHBepCHH rpa¢HKa cPYHKIJ;HH f ( x) OTHOCHTeJibHO oc?i Op,Lf,HHaT. 
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ToqKn rpa¢nKa ¢YHKu;nn !(;), cooTBeTCTByrom;ne TOqKaM A, B, C, D 

rpa¢nKa ¢YHKIJ;HH f ( x), o6o3HaqeHhI 6yKBaMn A", B", C", D". Ha pn

cyHKe rroKa3aHo rrocTpoemre TOqKn B", cooTBeTCTByrom;eli ToqKe B. ToqKa 

B" ,JJ,OJDKHa nMeTh TY )Ke op,JJ,nHaTy, qTo n ToqKa B (BP= OQ), a6cu;nc

cy )Ke TOqKn B" Hali,JJ,eM rrocTpoeHneM; oHa paBHa oTpe3KY PB', KOTOphIH 

HaxO,JJ,llTCH c IIOMOIIJ;h!O rnrrep60JibI. Ilo CBOHCTBY rnrrep60Jibl y = .!:., T. e. 
1 x 

PB'=-, ecJin OP= QB= x. IIocTponB QB'= PB', Hali,JJ,eM TOqKy B". 
x 

TaKHM crroco6oM MO)KHO rrocTpOHTh Jiro6oe qncJio ToqeK rpa¢nKa ¢YHK-

u;nn f (;) . II pn Bb16ope ToqeK cJie,JJ,yeT pyKoBO,JJ,CTBOBa ThCH 3aMeqaHHeM 

ll3 § 18. IlpH HHBepcnn rpa¢nKa ¢yHKIJ;llll f(x) OTHOCHTeJibHO OCH Op,Il,ll

HaT OCTa!OTCH HeIIO,Il,BH)KHbIMll TOqKH c a6cu;nccaMH ±1. ,Il;eHCTBHTeJibHO, 

f(±l) = f (11). Ha pnc. 119 aTo TOqKn An E. 3aMeTnM, ,JJ,a.Jiee, qTO rrpn 

x = 0 ¢yHKu;ns f (.!:.) He orrpe,JJ,eJieHa, HO ecJIH f(x) --+ a, TO f (.!:.) --+ a, 
X x-+±cxo X x-+O 

ll rroaTOMy, rrpnMeHHH rrpHHIJ;llll «IIpO,JJ,OJI)KeHHH 110 HerrpepbIBHOCTH», MO)KeM 

IIOJIO)KllTb f (;) = a rrpn x = 0. 

y 

2 

1 

-3 \, -2 -1 0 / 
' : ' . ' . 
\ -1,/ -----------------··\;:_:··--------------- ----- ------------------------------------------

. J(x) = x2 + 2x - 1, 

1 x 

\''\ ...... 
f (.!.) = _!__ + ~ _ 1 = 1 + 2x - x

2 

x x2 x x 2 

Pnc. 120 

PaccMoTpHM Terreph acnMIITOThI rpa¢nKa ¢YHKIJ;HH f (;) , rrapa.JIJieJih

Hhre KOOp,JJ,HHaTHbIM OCHM. EcJIH f(O) =a, TO f (.!:.) -t all rrpsMaH y =a 
X x-+±cxo 
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.HBJUieTC.H aCHMIITOTOH rpacj;rnKa ¢YHKD;HH f ( ~) ' rrap8..7IJieJibHOH OCH a6c

D;HCC HJIH coBrra,z:i;arorn;eil: c OChIO a6cu;Hcc (rrpH a= O); CM. pHc. 120 H 121. 

EcJIH )Ke f(x) ~ ±oo, TO rpa¢HK ¢YHKD;MH f (.!.) He HMeeT acHMIITOT, 
x-o x 

rrap8..7IJieJibHbIX OCH a6cu;HCC (cM. pHC. 122). 

' ' ' ' ' ' ' ' ' ' ' 

\.~ ctgx 

' ' 
'•, 

' ...... , 

-2 

-3 

y 

3 

2 

1 

y 

2 
°" ·$ 

1 

(J 

/,~ ~ / . 1 
/ y = arcs1n-,,, x 

,,,'' 

-2 

PMC. 121 

1 
y = ctg

x 

•' :\ ., 
!\ y = ctgx 
1 \ 
' . ' . 
! \ 
' . 
' ' 
i \\ 
' ' 

I . 

PMc. 122 

1 2 3 x 

f(x) = arcsinx, 

f ( ~) = arcsin ~ 

1 
y = ctgx 

3 

' ' ' ' ' ' ' . 
' ' ' 
\~ctgx 

' 

' 

4 

'•, 
'\ .... , 

',, x 

f(x) = ctgx, 

f (~) = ctg ~ 
aCHMIITOTbI: 

1 1 
x = :rr' x = 27!' ' ... 
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EcJIH f(x) ---+ ±oo, To f (.!.) ---+ ±oo, cTa.n:o 6bITh, rrp5IMa5I 
l x->a X x-+l/a l 

x = ;;, .HBJI.HeTC.H acHMIITOTOH rpa¢nKa ¢yHKWfH f (-;) , rrapa.n:JieJibHOH 

ocn ogn;nHaT (cM. pnc. 122). B qacTHOCTH, ecJIH J(x) ---+ ±oo, TO 

f (.!.) ---+ 00 H aCHMIITOTOH rpa¢HKa ¢YHKIJ;HH f (.!.) CJIY~:~
00

och op,n;H-
x X-+0 X 

HaT (cM. pnc. 120). 
H~nm paccy)K,Il;eHH.H 06 acHMIITOTax rpa¢nKOB ¢YHKIJ;Hii ftx) (cM. § 18) 

Hf(-;) (cM. § 19) HeJib3.H C"'IHTaTh CTpOrHMH. 0HH ,n;aIOT y,n;o6Hoe B rrpaK

THKe rrpaBHJIO ,ll;JI.H IIOCTpOeHH.H aCHMIITOT, rrapa.n:JieJibHhIX KOOp,ll;HHaTHbIM 

OC.HM. Borrpoc 06 acHMIIToTax, He rrapa.n:JieJihHbIX Koop,n;HHaTHbIM oc.aM, 

3,)];eCb BOBCe He paccMaTpHBaJIC.H. 9TH BOIIpOCbl BbIX0,11;.HT 3a paMKH Ha

CTO.HIIJ,eii KHHrH, CTporoe HX H3JIOJKeHHe "'IHTaTeJib Haii,n;eT B JII060M Kypce 

,n;n¢¢epenwra.n:bHOii reoMeTpHH HJIH B rJiaBax MaTeMaTH"'IecKoro aHa.n:H3a, 

nocB.HIIJ,eHHbIX reoMeTpnqecKHM rrpHJIOJKeHH.HM*). 

YMeHHe CTpOHTb rpa¢nKH ¢YHKIJ;Hii f(lx) H !(~) ,n;ocTHraeTc.H He 

CTOJibKO 03HaKOMJieHIIeM c H3JIOJKeHHbIMH B § 18, 19 rrpaBHJiaMH, CKOJibKO 

caMOCTO.HTeJibHbIMH yrrpaJKHeHH.HMH, KOTOphre Mbl HaCTO.HTeJibHO peKOMeH

,n;yeM "'IHTaTeJIIO. 

YnpIDKHemm 

IIocTpoiiTe rpa¢nKH ¢YHKIJ;Hii. 

59. y =sin.!.. 
x 

1 
60. y = 2-x. 

1 
61. y = arccos - . 

x 

62 
_ x2 + 2x -1 

· Y- x2 ( y = 1 + 3. - 2-). 
x x2 

•)CM., HarrpnMep, Pa III e B c Kn ll: 11. K. Kypc .n;mp<l>epeHIW:aJibHOll: reoMeTp1rn. -
OHTII, 1938 (rn. 1, § 10). 



fJ1ABA 6 

HEKOTOPhlE HE3JIEMEHTAPHhlE 4lYHKlJ;lUI 
II IIX f PA 4l IIKII 

§ 20. «PymcIJ.IDI Ix J, ee rpaqmx. fpa<l>HKH <l>yHKII,Hii If ( x) I H f (Ix I) 
KaK H3BeCTHo, lxl = x, ecmr x ~ 0, H JxJ = -x, ecJIH x ~ 0. Ilo3TOMY .i:i;mr 

ITOJIQ)KHTeJihHbIX 3Haqemril: apryMeHTa x rpa¢HK cPYHKI1HH y = Jxl COBna.i:i;a

eT c rpaq:rnKoM y = x, a .n;mr OTPHI1aTeJihHhIX 3HaqeHHil: apryMeHTa rpa¢HK 

cPYHKI1HH y = lxl COBna.n;aeT c rpa¢HKOM cPYHKI1HH y = -x (cM. PHC. 123). 

y 

3 

2 

-3 -2 -1 1 2 3 x 

-1 f(x) = lxl 

PHc. 123 

<l>yHKIIH5! y = Jxj, oqeBH.IJ;HO, qeTHa5!, ee rpa¢HK CHMMeTpHqeH OTHOCH

TeJibHO OCH Op.IJ;HHaT. 

PaccMoTpHM rpa¢HK ¢YHKI1MH y = Jf(x)J. ,Li,JI5! 3HaqeHHil: apryMeHTa x, 
npH KOTopbIX f(x) > 0, rpa¢HK cPYHKI1MM y = Jf(x)J coBna.n;aeT c rpa¢HKOM 

cPYHKI1MH y = f(x); .J];JI5! Tex 3HaqeHHH apryMeHTa, npH KOTOpbIX f(x) < 0, 
rpa¢HK cPYHKI1MH y = Jf(x)J .n;omKeH coBna.n;aTh c rpa¢HKOM y = -f(x). 

TaKHM o6pa30M, ajl,Jl nocmpoettUJl 2paefju'K",a y = lf(x)J ny~no coxpa
'H,Um'b "{aCmU 2paefjU'K",a efjytt'K",'IJ,UU f(x), ttaxoaJlW,UeCJl naa OC'b'/O a6c11,ucc, 
a a.11,Jl "{aCmeu zpaefjU'K",a efjytt'K",'IJ,UU f(x), ttaxoaJlW,UXCJl noa OC'b'/O a6C'IJ,UCC, no
cmpoUm'b u.M cu.M.Mempu"{tt'bte omnocume.n,'bno ocu a6c11,ucc (cM. pHc. 124). 
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y 

Y = IJ(x)I 

'•, / -l 0 ...... __ .... 1 2 3 4 x 

y = f(x) -1 f(x) H lf(x)J 

PHc. 124 

y 
y = J lgxJ 

1 

0 ://_,,.-- 1 

-1 / 
{ y = lgx 

2 3 x 

f(x)=Igx, 

IJ(x)J = J lg xi 

PHc. 125 

y 

3 y = lx2 + 2x - 1 I 

-3 \-2 -1 0 / 1 2 x 
\,, I 2 _ 1 : f(x) = x + 2x - 1 = 

\ 
\ ,,/ =(x+1)2 -2, 

'•, 
y = x2 + 2x _ 1'',, __ ___,::._2 lf(x)I = lx2 + 2x -11 

PHc. 126 



§ 20. <I>YHKU:M51 lxl, EE I'PA<I>MK. rPA<I>MKM <I>YHKU:MH lf(x)I M f(lxl) 103 

IIo 3TOMY rrpaBirny rrocTpoeHhI rrpHBe,n;eHHhie Ha pHc. 125-127 rpacpHKH 

cpyHKIIHH y = J lgxJ, y = Jx2 
- 2x - lJ Hy= J arcsinxJ. 

rpacpHK cpyHKlJ;HH y = f(Jxl), oqeBH,ll;HO, COBrra,n;aeT C rpacpHKOM cpyHK
IJ;HH f(x) ,n;m1 Bcex HeOTPHIJ;aTeJihHbIX 3HaqeHHH apryMeHTa x. )J;m1 OTpHii;a

TeJihHblX 3HaqeHHH x HMeeM f(Jxl) = f(-x), II03TOMY Mbl rrpHXO,ll;HM K CJie

,ll;JIOIIJ;eMy rrpaBHJiy: 2pa<fiu'X: <fiytt'li:U,UU f(Jxl) cu.M.Mempu"te'lt omttocumM'b'HO 
ocu opauttam; npu amo.M aJl,.R, 'lteompuu,amM'b'lt'btX 3'/ta"te'HUU ap2y.Mettma X 
ott coenaaaem c 2pa<fiu'X:o.M <fiytt'X:u,uu f(x) (cM. pHc. 128). 

-3 

y 

y = I arcsinxJ 2 

1 

-2 1 2 x 

f(x) = arcsinx, 

Jf(x)J = J arcsinxJ 
y = arcsinx _ 2 

Y = f(JxJ) 

PHC. 127 
y 

\,, ,/ -1 0 
......... __ .. , 

-1 

PHc. 128 

1 2 3 4 x 

f(x) H f(JxJ) 

XapaKTep rpacpHKa cpyHKIJ;HH f(x) rrpH OTpnii;aTeJihHhIX 3HaqeHH.HX x 
He HrpaeT HHKaKoii: poJIH ,ll;JI.H rrocTpoeHH.H rpacpHKa cpyHKIJ;HH J(JxJ). Ha 

pHC. 129-131 rrpHBe,n;eHhl rrpnMepbI IIOCTpOeHH.H rpacpHKOB cpyHKIIHM f(JxJ), 
a nMeHHo: y =lg JxJ, y = JxJ 2 - 2JxJ - 1Hy=2lxl. 
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y 

1 

0 

-1 

2 3 x 
f(x) = lgx, 

f(/x/) =lg /x/, 
lgx = lglxl 

P11c. 129 

y = x2 -2x-1 y 

\ 2 

\ 
Y = lxl 2 

- 2lxl - 1 \ 

-1 \ 0 
\ 

-1· 

-2 
f(x) = x2 

- 2x - 1 = (x - 1)2 
- 2, /(lxl) = lxl2 - 2lxl - 1 

__ :_=_:_~-----------------
-2 -1 

y 

3 

2 

P11c. 130 

,/ 1 

0 1 

-1 

P11c. 131 

f(x) = 2x, 

J()xl) = 2lxl 

2 3 x 



§ 21. <I>YHK11;1I5I [x), EE rPA<I>HK. rPA<I>HKH <I>YHKIJ;HR [f (x )) H J([x]) 105 

Y rrpIDKHemrn 

IlocTpo:M:Te rpa¢HKM cPYHKIJ;HM. 

63. y = lx2 + 2x -11-
64. y = lxl2 + 2lxl - 1. 
65. y =I sin xi. 

66. y =sin Ix!. 

67.y=l~I· 
68. y = arccos Ix!. 

§ 21. ~YHKD;IDI [ x], ee rpa<l>HK. fpa<l>mm <l>Y~ [/ ( x) J H f ( [ x]) 

CnMBOJI [x], r,n;e x - mo6oe ,n;e:M:cTBMTeJihHOe qMCJio, o6o3HaqaeT u;eJiyIO 

qaCTb qHCJia x, T. e. ttau60.11:bwee 'l{MOe "iUC.JtO, He rrpeBOCXO,IJ;RID;ee x. lIHO

r,n;a 3TOT CMMBOJI qMTaeTC.H KaK «aHTbe OT x». Han6oJiee y,n;o6Hoe Ha3BaHMe 

aToro CMMBOJia - xapa'K:mepucmu'K:a qMCJia x. IlocJie,n;HMM Ha3BaHMeM MhI 

M 6y,n;eM IlOJib30BaTbC.H. lITaK, xapaKTepHCTHKOM mo6oro ,n;e:M:CTBHTeJibHOro 

qJfCJia Ha30BeM HaM60JibIDee u;eJioe qncJIO, He rrpeBOCXO,ZJ;.HIIJ;ee ,n;aHHOe qMCJIO. 

HarrpHMep, 
[2,3] =2, [O, 7] =0, [-7r] = -4. 

TaKMM o6pa3oM, mo6oe qMCJIO x y,n;oBJieTBOpReT cooTHomeHM.HM 

[x] ~ x < [x] + 1. 

YrroTpe6MTeJihHOe B Kypce aJire6pbI orrpe,n;eJieHMe xapaKTepMCTHKM ,n;e

CRTHqHoro JIOrapM¢Ma qncJia OTBeqaeT npMBe,n;eHHOMY BhIIDe o6rn;eMy orrpe

,n;eJieHMIO xapaKTepMCTMKH qJfCeJI. 

fpa¢nK cPYHKIJ;Hll y = [x] rrpe,n;cTaBJI.HeT co6oH: KaK 6hI «JieCTHMII,y» 

(cM. pHC. 132). ,ll;eliCTBHTeJihHO, rrpH BCex 3HaqeHH.HX x, y,n;oBJieTBOp5IIOIIJ;llX 

COOTHOIDeHHRM 0 ~ x < 1, BblIIOJIH5IeTC5! paBeHCTBO [x] = 0. ,ll;JI5! 1 ~ x < 2 

MMeeM [x] = 1 n T. ,n;. 
PaccMoTpHM rpa¢nK cPYHKll;HH y = [f ( x) J. ,ll;JI5I rrocTpOeHM5! TaKoro rpa

cPMKa pa306beM o6JiaCTb orrpe,n;eJieHH5! cPYHKll;Mll f ( x) Ha npoMe)J{yTKlJ, ,IJ;J15I 

Ka)J{,ZJ;OI'O ll3 KOTOpbIX BbIIlOJIH5IIOTC5! COOTBeTCTBeHHO COOTHOIDeHH5!: 

-3 ~ f(x) < -2, 

-2 ~ f(x) < -1, 

-1~f(x)<0, 

O~f(x)<l, 

1 ~ f(x) < 2, 
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y 

3 --
2 --
1 

-3 -2 -1 0 1 2 3 4 x 

-1 

-- -2 

-- -3 

P11c. 132 

y 
f (x) 

-2 
-1 0 1 2 3 4 x 

-1 
f(x) H [/(x)] 

P11c. 133 

y 

\ 4 

~\ 3 

~ .. \ 2 

.......:..,\, 1 

' ......... 

y = x2 

I 
! 
/- y= [x2] 

__ // 
-2 -1 0 1 2 x 

f(x) = x2 H [/(x)) = [x2) 

P11c. 134 



§ 21. <l>YHK11J15I [x], EE fPA<l>l1K. fPA<l>I1Kl1 <l>YHKI(l1H [!(x)] I1 f([x]) 107 

TaKoe pa36nemre MO:lKHO ocyrn;ecTBHTh Ha caMOM rpaqmKe cPYHKIJ,HH 
f(x) (cM. pnc. 133). ,Il;Jrn Ka)K,ll;oro H3 rrpoMe:lKyTKOB COOTBeTCTBeHHO no-

JIY'IHM 

[f(x)] = -3, 

[f(x)] = -2, 

[f(x)] = -1, 

[f(x)] = 0, 

[f(x)] = 1 

Ilo9TOMy rpa¢HK cPYHKil,HH [f(x)] 6y,z:i;eT HMeTb BH,ll; «JieCTHHil,hI», 
«CTyrreHbKH» KOTOpoii HMeIOT pa3HYIO ,ll;JIHHY H pa36pocaHhI B 6ecrrop&,z:i;Ke 
(cM. pHC. 133). 

Ha pHc. 134, 135 rrpHBe,z:i;eHhI rpa¢HKH ¢YHKil,HM y = [x2] H y = [sinx]. 

y 

y = sinx 
,,, .. -- ... --•--........... 

',,-3 ,/y = [sinx] 2 ',,',,, 
,' .... 

1 

'',,,',,, -2 -1 ,/ 0 1 2 3 '-.x 

--,,__ ___.// f(x) = sinx, 
----"--""----+-1 

[f(x)] = [sinx] y = [sinx] 

Puc. 135 

y 
f ([x]) 

, ...... 
2 ,,,.. .. ---~ ,,'',,,/' 

,' \\ 
,,,' 1 .......... __ ....... -

f(x) 

, 
, \ -2 

0 1 2 3 4 x 

-1 
f(x) H J([x]) 

Pnc. 136 
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HapH.z:ty c rpa<PHKOM cPYHK~H [f(x)] CJie.z:tyeT pacCMOTpeTb rpa<PHK 

cPYHKD;HH f ([x]). ,Ii;JIH ero IIOCTpOeHHH CJie.z:tyeT pa36HTb o6JiaCTb orrpe,n,e

JieHHH cPYHKIJ;HH f ( x) Ha rrpoMe)J{yTKH 

-2~f(x)<l, 

-l~j(x)<O, 

O~f(x)<l, 

1 ~ j(x) < 2, 

y 

. 4 I-I y~ [x]' 
3 

2 

'\1 
/"~x' 

'" ........ ,,'' 

//----
/ 

-3 -2 -1 0 1 2 x 

f(x) = x2 , f([x]) = [x)2 

PHc. 137 

B Ka)J{,II,OM H3 aTHX rrpoMe:lKyTKOB IIOJIY'IHM cooTBeTCTBeHHO 

[J(x)] = f(-2), 

[f(x)]=f(-1), 
[f(x)] = f(O), 

[f(x)] = f(l), 

TaKHM o6pa3oM, rpa<PHK HMeeT BH,ll, (cM. pnc. 136) «JieCTHHD;hI» c 6ecrro

PH,II,O'IHO pacrroJio:iKeHHhIMH «CTyrreHbKaMH», HMeIOID;HMH o,n,Hy II TY :lKe ,II,JIH

Hy. Ha pHC. 137 H 138 IIOCTpOeHbI rpacPHKH cPYHKD;IIM y = [x]2 H y = sin[x]. 
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y 

y = sin[x] 
1 ........... --..... 

1 2 3 '-.x 

f(x) = sinx, 

-1 f ([x]) = sin[x] 

Pnc. 138 

¥npIDKHemm 

IIocTpoliTe rpaqrn:KM cPYHKIJ;M.li. 

69. y = [2x]. 
70. y = [arccosx]. 

71. y = [x2 - 2x - 1]. 
72. y = 2[xJ. 
73. y = arccos[x]. 

74. y = [x] 2 - 2[x] - 1. 

§22. 4>y~ {x}, ee rpa<l>mc. fpa<l>mrn <l>YHI<I¢i {f(x)} 11 f({x}) 

CttMBOJI { x} o6o3HaqaeT ,n;po6Hyro qacTh ,n;eii:CTBMTeJihHoro qttcJia. Mb1 

6y,n;eM Ha3bIBaTh ero MaHTMccoli qttcJia. Orrpe,n;eJieHtteM BeJittqMHhI { x} MO

:lKeT CJIY:lKMTb COOTHOilleHMe 

x=[x]+{x}, 

T. e. Ka)K,Ll;Oe ,n;eii:cTBMTeJibHOe qMCJIO paBHO cyMMe CBOeli xapaKTepMCTHKH 

H MaHTMCCbl. lfa 3TOro orrpe,n;eJieHM51 CJie,n;yeT, qTQ MaHTHCCa qHcJia Bcer,n;a 

HeoTpnu;aTeJibHa (T. e. rroJIO:lKMTeJihHa MJIM paBHa HyJiro) n MeHbme e,n;nHH

IJ;hI. ,Ue:iiCTBJ-JTeJibHO, 0 ~ x - [x] = { x} < 1. 
Ilp1rne,n;eM HeCKOJibKO rrpMMepoB: 

{3} = 0, {3,35} = 0,35, {-3,35} = 0,65. 

IIp1rne,n;eHHOe Bhime orrpe,n;eJieHne MaHTHCChI qMCJia BKJIIOqaeT B ce651, 

KaK qacTHbIM CJiyqaii:, H3BeCTHOe orrpe,n;eJieHHe MaHTHCCbl ,n;eC51THqff0rO JIO

raptt¢Ma qMcJia. QqeHb qacTO B pa3JIHqHblX Ta6Jmu;ax IIOMeIIIaIOT He CaMM 

qMcJia, a MX MaHTMCCbI (cM., HarrpnMep, Ta6JIHIJ;bI Bpa,n;ttca). 

,UJI51 IIOCTpoemrn rpa¢ttKa cPYHKIJ;HH y = { x} y,n;o6HO BOCIIOJib30BaTb

C51 COOTHOilleHMeM {x} = x - [x], T. e. paCCMaTpJIBaTb HCKOMbIH rpa¢JIK 



110 I'Jl. 6. HEKOTOPbIE HE9J1EMEHTAPHbIE <l>YHKIJ:l-Ul 11 HX I'PA<l>HKH 

KaK «pa3HOCTh» rpa¢MKOB ¢YHKti;Mii: y = x M y = [x]. BhIIIOJIH5.l5.l rrocTpo

eHMe, IIOJIY'IHM rpa¢HK <l>YHKIJ;HH { x} B BlfAe HaKJIOHHOro «'IaCTOKOJia» 

(cM. pMC. 139). 

-3 -2 -1 

y 

2 

1 

-1 

1 

Pn:c. 139 

2 3 x 

J(x) = {x} 

Ilpe,i];CTaBJI5.lIOT MHTepec TaK)Ke rpa¢MKM <l>YHKu;MM {f(x)} M !( {x} ). 

,Il,JI5.l ITOCTpOeHM5.l rpa¢MKa <l>YHKIJ;MM {f(x)} o6JiaCTh orrpe,n;eJieHM5.l ¢yHK

IJ;MM f ( x) Ha,n;o pa36MTh Ha rrpoMe)KyTKM, B Ka)K,!l;OM H3 KOTOphIX BhlIIOJIH5.l-

IOTCR COOTHOIIIeHMR 

-l~f(x)<O, 

O~f(x)<l, 

l~f(x)<2, 

TaKoe pa36MeHMe MO)KHO ocyru;ecTBMTh, rrOJih3Y5.!Ch rpa¢MKOM ¢YHKu;MM 

f(x) (cM. pMc. 140). TaK KaK {f(x)} = f(x) - [J(x)], ,!l;JI5.l Ka)K,!l;oro M3 rrpo

Me)KyTKOB ITOJIY'IMM COOTBeTCTBeHHO 

{f(x)} = f(x) + 1, 

{f(x)} = f(x), 
{f(x)} = f(x) - 1, 

Ha pHc. 141M142 rrpMBe,n;eHhI rpa¢MKM ¢YHKIJ;Mii: y = { x 2 } My= {sinx }. 

,Ii,JIR IIOCTpOeHM5.l rpa¢MKa ¢yHKIJ;MM f ( { x}) 3aMeTMM' 'ITO f ( { x}) = f ( x) 
B IIOJIYMHTepBaJie [0, 1); I109TOMY f( {x} )= f(x) IlpM 0~ X < 1 (cM. pMC. 143). 

IlpH M3MeHeHMH apryMeHTa x OT 1 ,n;o 2 ¢YHKIJ;M5.l { x} H3MeH5.leTCR OT 0 

,!l;O 1; II09TOMY rpa¢MK <l>YHKIJ;MM J({x}) B IIOJIYMHTepBaJie [1,2) «IIOBTOp5.l

eTCR». ,Il,JIR Ka)K,n;oro M3 rroJiyMHTepBaJIOB [n, n + 1), r,n;e n - JII06oe u;eJioe 
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' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 

y 

-1 

y 

4 

3 

' 

-2 

' ' ' ' ' ' ' ' ' ' ' ' ' 

-1 

2 

y = sinx 

\ 
1 2 3 x 

y = f(x), 

Y = {f(x)} 

Pnc. 140 

/Fx' 
; 

/ y = {x2} 

1 2 x 

f(x) = x2 , {f(x)} = {x2
} 

Pnc. 141 

y 

y = {sinx} 

"" 
-1 f(x) = sinx, 

{f(x)} = {sinx} 

Pnc. 142 
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y 

3 

\, /-1 0 1 ............... ;" 

-1 

2 3 4 

y = f(x), 

y=f({x}) 

Pnc. 143 

-3 

. . . . . . . . . . . . . . 

y 

4 

3 . 

-2 

. . . . . . . 2 . 
' . . . . 

' 

-1 0 

Y = {x}2 

1 2 x 

x 

-1 f(x) = x2 , f({x}) = {x}2 

Pnc. 144 

y 

y = sin{x} 

-1 
y = sinx 

f(x) = sinx, 

f({x}) = sin{x} 

Pnc. 145 

x 
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qHCJIO, rpa<lmK cPYHKIJ;HH f ( { x}) HMeeT 0)1,HH H TOT )Ke BH)l,; 1103TOMY )l,JI5I 

110CTpoeHH5I rpa¢HKa cPYHKIJ;HH f ( { x}) )l,OCTaTOqHo ero llOCTpOHTh B llOJiy

HHTepBaJie [O, 1). QqeBH)l,HO, cPYHKIJ;H5I f ( { x}) rrepHO)l,IIqecKa5I, ee rrepHO)l, 

paBeH e)l,HHHIJ;e. 

Ha pHC. 144 H 145 rrpe)l,CTaBJieHhI rpa¢HKII cPYHKIJ;Hit y = { x }2 

Hy= sin{x}. 

Yrrpa)lrnemui: 

IIocTpoitTe rpa¢HKH cPYHKIJ;Hit. 
75. y = {2x}. 
76. y = { arccosx }. 
77. y = {x2 - 2x - 1}. 
78.y=2{x}. 
79. y = arccos{ x}. 

80. y = {x}2 - 2{x} -1. 
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2. 

OTBEThl K YIIPA)K:HEHIUIM 
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j f(x) = tgx, 

i f(-x) = tg(-x) 
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4. 

5. 

' ' ' ' ' ' ' . 
' . 
' . . 
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OTBETbI K YTIPA:tKHEHIHIM 

\"' .... 
........... 

\~ctgx 

\\ 
\.._., 

', 

y = ctg(-x) 

-3 -2 ?t-,-1 0 
-2'\ \I 

y 

f(x) ==: ctg x, 

f(-x) ==: ctg(-x) 

y = arcsin(-x) 2 y = arcsinx 

1 

-2 -1 1 2 x 
f(x) = arcsinx, 

f(-x) = arcsin(-x) 

y = arccos x Y y = arccos( -x) 

\ 3 
\ 
'',,,2 

',, 

-2 -1 0 1 2 x 

f(x) = arccosx, 
-1 

f(-x) = arccos(-x) 
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6. 

7. 

8. 

OTBETbI K YIIPAMHEHIUIM 

y 

y = arctg(-x) 

1 

-2 -1 

-1 

y 

2 

1 

.. ~·,;' 
-2 -1 

y = arctgx 
.. ----

1 2 x 

f(x) = arctgx, 

f(-x) = arctg(-x) 

///y~x' 

1 2 3 x 

-1 f(x) = x 2
, 

-2 

-3 

y = -sinx 

',, ______ -2 -1 

y 

2 

1 

',,___________ -1 

y = sinx 

-j(x)=-X2 

y = -x2 

1 2 '".X 

f(x) = sinx, 

-j(x) = - sinx 



9. 

10. 

OTBETbl K YIIPA)KHEHIUIM 

y = -tgx Y 

,.) : 
,,'' 
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\\.-1 
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, 
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2 /3 x 
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/ J(x) = tgx, 

\<cigx 
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',, 

! - f ( x) = - tg x 

f(x) = ctgx, 

-f(x) = -ctgx 
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11. 

12. 

OTBETbl K YTIPA)KHEHHHM 
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y = arccos x '',,, 2 
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'',,,, 
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-2 -1 0 
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y = arctgx 
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1 2 x 

f(x) = arccosx, 

-f(x) = - arccosx 

1 --------------· 
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y = - arctgx 
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1 2 x 

J(x) = arctgx, 

-f(x) = - arctgx 
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14. 

OTBEThI K YIIPA)f(HEHHRM 

----------------------~-

1 ········ ... ___ y = arcctg x 
........................... __ 

-3 -2 -1 0 

y 

1 2 x 

f(x) = arcctgx, 

- f(x) = - arcctgx 

' , 
' ' 2 ,/ 

1 _,,,// 

---------------------------

f(x) = 2x, 

-f(x) = -2x 

0 

-2 

1 2 x 
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15. 

16. 

OTBETbl K YITPA)KHEHIUiM 

y 

y = 3 - sinx 

y = 1,5 
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',,, -2 -1 ,/ 0 
................. ,,,,,'' 

------------- -1 
y = sinx 

' . . . 
' ' ' ' ' 

y 

y = arccos ,_;',,',,, 2 

-2 -1 0 

-1 

-2 

y = -1 - arccosx 
-3 

1 2 3 ',.x 

f(x) = sinx, 

a - f ( x) = 3 - sin x 

1 2 x 

y = -0,5 

f(x) = arccosx, 

a - f(x) = -1 - arccosx 



17. 

18. 

OTBETbI K YIIPA/KHEHIUlM 
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x2 + y2 = 4 '',,,, _,-/ 

'·····-.:2 ------··j (x, y) = x2 + y2 - 4, 

___________________ , .. 

-2 -1 

f(x, 1 - y) = x2 + (1 - y) 2 

y 

4 

3 

2 ,/ 
/ 

1 _,/'// 
_, 

' 
/ 

' ' ' ' 

/Y = 2x 

! ,/ 
Ll 

------·' x = 1,5 
Y = 23-x 

0 1 2 3 x 
f(x) = 2x, 

f(a - x) = 23-x 

121 



122 

19. 

20. 

21. 

OTBETbl K YITPA)KHEHH51M 

y 

y = tg(l - x) 3 i y ~ tgx 

2: / 

i // 

-1,/,./ 0 

/' -1 

/ 
-2 

:,/ 

1 

y 
X= -l 

y 
2 /// x 

/ f(x) = tgx, 
( f(a - x) = tg(l - x) 

y = arcsin(-2 - x) 2 y = arcsinx 

1 

/ 
,,'' 

' ' ' , , , 

-3 -2 2 x -1,:i / 0 
/ 

i // 

1 

f(x) = arcsinx, 

f(a - x) = arcsin(-2 - x) 
;/ -1 

-2 

y 

y2 + x -1=0 
:x = 0,5 

y2 -x=O 2 

'------------------------------

-2 1 2 3 x 

-2 

1············-·--·-·-----------. 

, f(x,y) = y2 
- x, 

f(l - x,y) = y2 + x -1 



22. 

23. 

OTBETbl K YI1PA:lli:HEHl15IM 

y 

2 

1 _,// 
........ ' .. 

____________ ........... 

-2 -1 0 

1

/Y = 2x 

,,,/ 

2 
x 

f(x) = 2x, 

-2 -f(-x) = -rx 

----------- y --
y = arcctg x ·----.,,,,~-

-2 -1 0 1 2 x 

f(x) = arcctgx, 

- f(-x) = - arcctg(-x) 

123 



124 

24. 

25. 

OTBETbI K YIIPA:JKHEHH.HM 

y 

3 

-2 -1 

,,.-········· -2 

-3 

-2 

------------............. 

-----,,\\ 

y+cosy-x=O 

0 ,/ 1 
/ .. · 2 3 x 

f(x,y) =y+cosy-x, 

f(-x, -y) =cosy - y + x 

y 1 
y=-

: \" 
1 '".," ....... 

..................... 

0 1 2 3 x 

1 
f(x) = -, 

x 

I \\,2 
y = -

x 

1 
f(x +a)= x -1 

1 
y=--

x-1 



26. 

27. 

28. 

OTBETbl K YTIPA:>KHEH.H5IM 

y 

Y = 2x+2 y = 2x 

/ : __ ,// 
_, --

--------------------
-2 -1 0 1 2 x 

-1 f(x) = 2x, 

f(x +a) = 2x+2 

y 

2 y = arcsinx y = arcsin(x - 2) 

1 
) 

I 

------/ 
-2 -1 / 0 1 

/ 
I 

/ -1 

2 3 x 

-2 f(x) = arcsinx, 

f(x +a) = arcsin(x - 2) 

(x + 2) 2 + y2 = 4 

-3 
-'\, -1 1 ,/ x 

\ I 2 2 '", / f(x, y) = x + y - 4, 
--- __ ,, 2 2 

---~ ----~-2 --------- f(x+a,y) = (x+2) +y -4 

125 



126 

29. 

30. 

OTBETbl K YllPA>KHEHlHIM 

. . . . 
y 

........ 2 

-2 

. 
\\ 1 

' 
............ 

0 2 3 x 

-1 

J(x) = x2
, 

-2 f(x)+a=x2 -2 

y 

2 

1 

. . . 
' ' . . . 

' ' ' \ 1 ·· .. , _____________ ~-=-; 

1-x 
y=-

x 

1 
f(x) = -, 

x 
1 

f(x)+a=--1 
x 

x 



31. 

32. 

OTBETbl K YIIPA)KHEHIUIM 

y (y - 1 )2 - x = 0 

2 

1 

-1 0\ 
',, ______ _ 

-1 --
-----------------. 

-2 f(x, y) = y2 
- x, 

f(x, y +a)= (y - 1)2 
- x 

y 

2 

1 

1 
y= -

I x 
\ 

' \ 
\ \ 
\ \ 

\ ' \, ........ 1 
y=--

2x t--- --- -
y = 2x ---------------=---=-------

------------------.... -1 1 0 1 
- - - - ------- y = -.._ --. ·---, 2x 

......... ..\ 

' \-1 
\ \ 

\ \ 
\ \ 

,-2 
1 

y=-\ 
x 

1 
y=--

2x 

1 
f(x) = -, 

x 
1 1 

kf(x) = -- · -
2 x 

127 

x 



128 

33. 

/ 
/ 

34. 

35. 

OTBETbI K YITPA)KHEHM.HM 

y 

1 .J!. = cosx 
/ ' 

1 x 
1 1 

y=-2 cosx y = 2 cosx 
' -1 

f(x) = cosx, 

1 
kf(x) = - 2 cos(x) 

y 

3 

2 
/y = arcsinx 

,// 

/ 

•' 

-2 -1 2 x 

J(x) = arcsinx, 

kf(x) = 2 arcsinx 

y = 2arcsinx 

\ 
\ 

-2 

\ 
\ 

y 
y =X2 

3 

\~ // 

l'" I 

\" \><-~ _/ 

\ 

y=(x-1)2 

1 
y = -(x -1)2 

10 

-1 0 1 2 3 x 

-1 
J(x) = (x -1)2

, 

1 
kf(x)= 

10
(x-1)2 



36. 

37. 

38. 

-3 

OTBETbl K YIIPA)KHEHI15IM 

y 

2 
y2 -x=O 

1 ----

-------------------(;~;~-~ x = 0 

/_/ 

f(x, y) = y2 
- x = 0, 

f(x, ky) = (2y) 2 
- x 

y y = tgx 

2 / 1 

' 

1 2 

f(x) = tgx, 
x 

f(kx) = tg 3' 
-2 

k= ! 
3 

y 

3 x 

y = arctg lOx y ".'.'.'..'.-1:.rctg x 

---------------------
//,/ 

-2 -1 / 0 

______________ ,,.,,/ 
1 2 3 x 

f(x) = arctgx, 

J(kx) = arctglOx, 

k = 10 

129 



130 

39. 

40. 

y 

2 

1 

0 

-1 

-2 

OTBETbl K YIIPA)KHEHIUIM 

y2 - 2x = 0 y2 - x = 0 

J(x,y)=y2 -x=0, 

f(kx,y) = y2 
- 2x = 0 

y 

y = arccosx \ 3 

\, f(x) = arccosx, 

"·f (x) 1 

-2 -1 

""" kf k = - 2 arccos(-2x) 

1 "" 
"\\ 

-2 

1 2 x 

1 
y = -- arccos(-2x) 

2 



41. 

42. 

OTBETbl K YITPA)KHEHIUIM 

--------------------------------------
-3 -2 

y 

2 

-1 

y 

3 

,// y~2' 
/ 

_,/// 

------ 1 

0 1 2 
f(x) = 2x, 

-1 kf(~)=2·2~, 

k=! 
2 

x2 + y2 = 1 ,..J --
// ---;~\ + 2y2 = 1 

-2 2 x 

-2 

131 

x 



132 

43. 

-3 

--------..... 

x = -2 

44. 

OTBEThl K YITPA>KHEHIUIM 

-1 

y 

2 

1 

0 

1 

\~X y=x=~ 
'',,, ___ _ 

1 

................ ____________ _ 

2 3 x 
1 

f(x) = x' 
1 

f(kx + b) = !!'. _ 1 , 
2 

1 
k = 2' b = -1, 

ypaBHCHHe OCH C2KaTm1: x = - 2 

f(x) = arccosx, 

Y f(kx +a) = arccos(2x + 1), 

i \, k = 2, b = 1, 
i '',,,2 ypaBHemi:e OCH C)KaTH5!: 

y = arccos(2x +i::.1) '· ·~··.\ x = 1 ~ k; x = _ 1 

\ y = arccosx 
I 

-2 T -1 ° 
1 2 x 

x = -1 



OTBETbI K YITPA)KHEHH.HM 

45. 

f(x,y)=y2 -x=O, Y 

f(kx+b,y)=y2 -(3x-l)=0, 2 

46. 

k = 3, b = -1, 
ypaBHemre OCH C)i{aTHH: 1 

b 1 
x=l-k;x=2 

-2 -1 

1 
f(x) = x' y 

1 1 
nf(kx) + p = 2 · x -1, 

1 2 
m= 2,p= -1, 

ypaBHeHI:Ie OCH C)KaTHH: 
1 

y=1!m;y=-2 

-3 
-2 -1 0 

·------1---------------
y = - -x --- -1 

--1-- -._\\ 

Y = 2x - l \ 

y= -2 

-1 

-2 

' \ 
' ' 

\\ 

-2 

y2 - (3x - 1) = 0 

------------
---------;/·=-~ = 0 

1 2 3 

.......... 

-------------------------

\....... 1 
-- y = -
---------------------.x 

2 

1 
y=--1 

2x 

3 

x 

x 

133 



134 

47. 

48. 

OTBETbl K YIIPA)KHEHl1.HM 

y 

1 

2 1 ,/ 
- - //,/ 

y = arcsinx :' 
: 

y = 2 arcsin x - 1 

1 2 x 
J(x) = arcsinx, 

mf(x) + p = 2arcsinx -1, 

m = 2,p = -1, 
ypaBH8Hlie OCR c:a<aTmI: 

y=l!:_m;y=-l 

y 

2 x 2 + y2 = 4 

///-------·: -------------,,\ 

/ x
2 + (2y\\ 1)2 

= 4 

-3 -2· 3 x 

f(x, y) = x 2 + y2 
- 4 = 0, 

,/ y = -1 

f(x, my+ p) = x 2 + (2y + 1)2 
- 4 = 0, 

m = 2, p= 1 

----- -----------;paBH€HHe OCH C)KaTH5!: 

-2 
y=1:m;y=-l 



OTBETbI K -YTIPA)KHEHI15IM 

49. 

y 
y = 2log2 (1 - 3x) - 1 

3 

-2 

50. 

-2 

-1 

2 

. . . I 1 

/ 

/ 

2 

y = log2 x -

3 x 
• I 
\ / f(x) = log2 x, 

-l \I mf(kx+b)+p=2log2 (1-3x)-1 
:1 

-2 l 

y 

2 

1 \ : 
\ : 

1: 

\\I ,. 

y = -2arcsin(l - 2x) + 1 

y = arcsinx 

-1 0 
/ 

2 3 x 
f(x) = arcsinx, 

I 
I -1 mf(x+b)+p= 
I = -2arcsin(l - 2x) + 1 

-2 y = arcsin(l - 2x) 

135 



136 

51. 

52. 

OTBETbI K YIIPA:JKHEHI151M 

y 

2 

-1 0 

-1 

y 

3 

2 

/ 

-2 

y=x-cosx 

1 

y=x 
I 

-----~---, 3 
............ __ 

x 

y = cosx 

f(x, y) = x - cosx -y = 0, 

f(y, x) = y- cosy - x = 0 

y2 
- 4y - x + 3 = 0 ! 

·~; 

y ~ (x-2)
2 ~l 

x 

f(x, y) = x 2 
- 4x - y + 3 = (x - 2)2 

- 1 - y = 0, 

f(y, x) = (y - 2) 2 
- 1 - x = 0 



53. 

... -3 

54. 

-3 

55. 

-2 

OTBETbI K YIIPA)KHEHH.HM 

2Y +x = 0 

_ .......... ----

-2 

y 

1 

y 

2 

1 

y-x=v'2sinx+y 
v'2 

/ •• ---------••• y = sin x 

_,..---- ·----.... 
2 

y 

3 

2 

---------------- 1 

0 1 2 

y = lgx 
---------------------------------

2 3 4 

x = lg(-y) 

137 

x 

x 



138 

56. 

57. 

OTBETbI K YITPA)KHEHH.HM 

' -3 

-3 
-2 ·--------........................ ... 

......... ,, 

y 

2 

1 

y 

2 

1 
/ 

/ 

0 

-1 

-2 

1 2 3! x 
y = sinx 

f(x) = sinx, 

1 
f(x) = cosecx 

, · y = arcsinx 
\j 

',, 1 
,, y = -

-------------------· x 

1 2 3 x 

f(x) = arcsinx, 

1 1 
f (x) arcsinx 



58. 

59. 

" .. -3 

OTBETbl K YIIPA)KHEHJ15IM 

y 

y = arccosx\ 3 

\,\ 

'l"·\2 

-2 -1 

',, 

y 

2 

' ' 

0 

-1 

' ' ' ' ' \ 

1 

1 
y = arccosx 

2 x 

f(x) = arccosx, 

1 1 
J(x) arccosx 

1 y = sinx 

-2 -1 2 

f(x) = sinx, 
-1 

f (~) =sin~ 
-2 

139 

3 "" x 



140 

60. 

61. 

OTBETbl K YIIPA)KHEHIUIM 

-2 -1 

-3 -2 

y 

3 

2 

0 

-1 

-1 

j(x) = arccosx, 

f ( ~) = arccos ~ 

1 

y 

2 

1 
y = 2-x 

/Y = 2x 

,// 

1 2 3 x 

0 '-,',,, 1~2 x
1 

1 \, y = arccos -
- \ x 

-2 



OTBETbI K YITPA)KHEHJUIM 141 

62. 

y 

2 
,,'"" 

,/' 
, ' 

,' \ 
----------------------------------------------! '. _____ --------------------\--------------, ' 

/ \y=2-(x-1)2 

/ \ : \ 
' \ 

-;-~ 
-2 

2\ 1 x 

f(x) = 2 - (x -1)<· 
f (!) = 1 + ~ - __!__ 

x x x2 

63. 
y 

\\·.,o 1 2/ 3 x 
/ J(x) = x2 + 2x - 1 = 

-i' \"',_ / = (x - 1)
2 

- 2, 

·,, // lf(x)I = lx2 
- 2x -11 

......... ___ .... 

-2 -1 

-2 
y = x2 - 2x -1 



142 

64. 

65. 

66. 

OTBETbl K YITPA)KHEHl.f.HM 

y = x 2 + 2x -1 . . . . . . . . . . . . . . . . . . . . . . . 

y 

-3 \~·.2·., 
-~ .. 

' ' 

·····--------~ 2 

y = lsinxl 

y 

2 

-1 
y = sinx 

y 

2 

1 

'··· ..... ,_=~-----= 1 -1 

y = sinx 

y = lxl 2 + 2lxl - 1 

1 x 

f(x) = x 2 + 2x - 1, 

f(lxl) = lxl 2 + 2lxl - 1 

1 2 3 '•,x 

f(x) = sinx, 

lf(x)I = I sin xi 

y =sin lxl 

1 2 3 x 

f(x) = sinx, 

f (!xi) = sin lxl 



67. 

68. 

69. 

OTBETbI K YITPA)KHEHH5!M 

y 

y= l~I 2 

1 

-2 -1 0 

y = arccosx Y 

\\ 3 

'··,,2 
',, 

1 2 

1 
f(x) = x' 

lf(x)1 = l~I 

3 x 

1 y = arccos jxj 

-2 -1 0 

y 

3 

2 

1 2 x 

f(x) = arccosx, 

f (jxl) = arccos jxj 

/ 

/ Y = 2x 

//J.-
,4-

1 // Y = [2x] 

------------------------
-2 -1 0 1 2 x 

J(x) = 2x, 
-1 [J(x)] = [2x] 

143 



144 

70. 

71. 

-2 

72. 

OTBETbl K YITPA)KHEHIUIM 

y 

-2 -1 0 

y 

3 

.... \ 2 

-\\ 1 

-1 0 1 

-1 

-2 
', 

3 

y = [arccosx] 

1 2 x 

f(x) = arccosx, 

[f (x )) = [arccos x] 

y = x2 - 2x -1 

' 

t j-y = [x2 - 2x - 1] 

,/ 
2,./ 3 x 

: 2 
/- f(x) = x - 2x - 1, 

, .. / 
,/ [f(x)] = [x2 

- 2x - 1] 

: I y~2· 
2 /j__y=2[x] 

1 ,/// 

-3 -2 -1 0 1 2 x 
f(x) = 2x, 

-1 f ([x]) = 2[x] 



73. 

74. 

-2 

75. 

' 

-1 

OTBETbI K YIIPA:iKHEHM.HM 

y 

3 

y = arccos[x] 
.... , ...... 

1 '\ 
'\ y = arccos x 

-1 0 1 2 x 

y 

3 

2 

1 

' 0 
' 

-1 

-2 

-1 

1 

f(x) = arccosx, 

f ([x]) = arccos[x] 

y~x'j'x-1 

r 2/ 3 x 

/- y = [x] 2 - 2[x] - 1 
,.,/ 

... _L__ f(x) = x
2 

- 2x -1, 

f ([x]) = [x] 2 
- 2[x] - 1 

y 

3 ' 
' 

f(x)=2x, 

{f(x)} = {2x} 

2 ,/ 

1 _,/'/ Y = {2x} 

-3 -2 -1 0 1 2 x 

-1 

145 



146 

76. 

77. 

78. 

' ' 

OTBETbI K YIIPA)KHEHH5IM 

y = arccosx Y 

\, 3 

\, 2 
.......... 

y = { arccos x \ '',,,, 

' ' 
' ' ' ' ' 

-2 -1 

y 

3 

2 

1 2 x 

f(x) = arccosx, 
-1 

{f (x)} = { arccos x} 

y = x2 - 2x - 1 

' 

' ' ' ' ' ' 

' ' ' 

' 
y = { x2 

- 2x - 1} / 

-1 1 2/ 3 x 

/ 2 
-1 \, / f(x) = x - 2x - 1, 

_ 
2 

'',,,, ____ ___.// {! ( x)} = { x 2 
- 2x - 1} 

y :Y = 2x 

3 

2 

1 /,/ Y = 2{x} 

-3 -2 -1 1 2 3 x 
J(x) = 2x, 

-1 J({x}) = 2{x} 



79. 

80. 

OTBEThl K YITPA)KHEHIUIM 

y = arccosx Y 
3 

• 

y = arccos{ x} 

-2 -1 0 1 2 x 
f(x) = arccosx, 

-1 
f({x}) = arccos{x} 

. . . . . . . . . . . . . . 

y 

3 

2 . . . . . . . 1 . . . . . . . . . 
-2 -1 \ 0 1 

y={x}2 -2{x}-1] \, 

~ -1 

-2 

y = x 2 - 2x -1 
' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 

3 x 

f(x) = x2 - 2x -1, f({x}) = {x}2 - 2{x} -1 

147 



lfcaa'/b 5/x:o6AC6U'l(, Tattamap 

rEOMETPifqECKME IIPEOBPA30BAHM5I rPA<l>MKOB <l>YHKI.J;MH 

lI3,z:i;aTeJibCTBO MocKOBCKoro IJ,eHTpa 
HerrpepbIBHOro MaTeMaTH'IeCKOro o6pa30BaHHa 

119002, MocKBa, BoJihIIIOii BJiaCbeBCKHii rrep., 11. TeJI. ( 499) 241-74-83 

IIo,n;rrHcaHo B rre'IaTb 07.10.2011 r. <l>opMaT 60x90 1/15. ByMara ocpceTHaa. 
Ile'IaTb ocpceTHaa. YcJI. rre'I. JI. 9,25. THpa2K 1000. 3aKa3 N2 3881. 

OTrre'!aTaHo B IIIIII «THrrorpacpHH ,,HayKff' ». 

121099, MocKBa, Illy6HHCKHii rrep., ,z:i;. 6. 

KHnrn H3,n;aTeJibCTBa MU:HMO Mo:>KHO rrpno6pecT11 B Mara3nHe 
«MaTeMaT11qeCKMI KHHra», BoJibIIIOH BJiacbeBCKHH rrep., ,n;. 11. 

TeJI. (499) 241-72-85. E-mail: biblio@mccme.ru 



l<HHra n~eHa HeKOTOpbIM BIDICHhlM npHe
MaM nocrpoeHHH rpacl>HKOB 4>~· 11MeeTCH 

60Jibmoe KOJIH'leCTBO ynpa>KHeHHH, CHa6)KeH

HblX OTBeTaMH. 

l<HHra 6yAeT DOJie3Ha WKOJibHhIM yqHTeJIHM 

MareMaTHKH, PYKOBOAHTe.JUIM MareMaTH11eCKHX 

Kpy>KKOB H WKOJibHHKaM crapmmc KJiaCCOB. 

ISBN 978-5-94057-885-7 

Jl1ijLJ7> 
biblio@mccme.ru 
www.biblio.mccme.ru 

.. HTepHeT-MaraJ .. H 

OZON.rU 
1111111111111111111111111 

65069051 


