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YPOKH TAHATAPA. 
ITPE,LJ;HCJIOBHE yqEHHKOB 

McaaK .HKOBJieBwI Taaamp (19.11.1901-03.09.1964) TpeneTao OTHOCHJI­

ca K MaTeMaTHKe. Ero npeKJIOHeHtte npe,z:i; KJiaccttKaMH MaTeMaTHKH 6bmo 

HCKpeHHHM H 3apa3ttTeJihHhIM. BoT OH npoH3BO,ll;HT Ha ,n;ocKe npeo6pa3oBa­

HHe H B.z:t;pyr HaXO,ll;HT HeO)KH,ll;aHHyro, KpaCHBYIO TIO,ll;CTaHOBKY - H HCKpeH­

H.HB pa,n;ocTh B3.z:t;eprttBaeT ero ych1. BrreqaTJieHtte, qTo OH c,n;eJiaJI HayqHoe 

OTKpbITHe! 

Mano KTO H3 mKOJihHHKOB no,n;o3peBaeT, qTo MaTeMaTHKH-reoMeTphI 3a­

HHMaroTca He BIIOJIHe TeM, qTO rrperro,n;aroT B illKOJie, H qTO Me,n;ttaHbI, yrJihl 

H OKpy)KHOCTH - 8TO Jlllillb qaCTHhie rrpttMepbI 06II1HX ofrheKTOB, KOTOpbIMH 

3aHHMaeTC.H HayKa MaTeMaTHKa. 

I1 TOJibKO HeKOTOpbie Y3HaIOT, qTO Kacatttta, Me,ll;HaHhI H yrJihl coxpaHa­

IOTCa He TOJibKO rrpH rrepeHOCe H TIOBOpoTe, HO H npH rOMOTeTHH H HHBep­

CHH. 0K83hlBaeTC.H, Bee rrapa6oJihI, rHrrep60Jibl H 8JIJIHIICbl - po,n;CTBeHHHKH 

H MoryT cqttTaThca OKPY)KHOCT.HMH. 

I1Bce-TaKH3ara,n;KOM OCTaeTca, noqeMy 8TO TaK, KaKHe CBOMCTBa aJire6-

pattqeCKHX ¢opMyJI o6'he.z:t;HH8IOT CTOJlb p83JIHqHbie reoMeTpHqeCKHe o6pa-

3bl? P83BB3bIBatttte Y3JIOB, B KOTOpbie «3aBa3aHhI» ypaBHeHH.H, - aTo HH­

Tepecaell:maa o6JiaCTh, rrpOHHKHYTb B KOTopyro, HMe.H illKOJibHhle 3HaHH.H, 

HeB03MO)KH0. 

McaaK .HKOBJieBttq HCKaJI rro.n;xo,n;hI K BBe,z:i;eHHIO B «IIIKOJihttyro» MaTeMa­

THKY MeTo,n;oB «HacTO.HII1eli» MaTeMaTHKH. 

MbI, ero yqeHHKH, HCIIhITaJIH o6aatttte MeTO,ll;HKH ero rrperro,n;aBaHH.H, ,n;a­

IOII1ell: IIOHHMaHHe 3aKOHOMepHOCTell: H CB.H3ell: MaTeMaTHqecKHX o6'beKTOB, 

He3aBHCHMO OT Toro, KaK ,n;aJieKO co6ttpaeTC8 3aMTH yqeHHK B OCBOeHHH 

«11apHI1bI HayK». 

IIepeBo,n; o,n;Horo reoMeTpttqecKoro o6p83a B ,n;pyroll: H BJIH.HHHe aToll: orre­

pa11tttt Ha rrpe,n;CTaBJieHHe cPYHKllHH OKa3aJIOCh ,n;ocTyIIHbIM ,ll;JI.H TOJIKOBOro 

illKOJihHHKa. 9TH 3aKOHOMepHOCTH OTKpbIJIH OKHO B orpOMHbIM MHp MaTe­

MaTHKH ,ll;Jl8 COTeH yqeHHKOB 3aMeqaTeJibHOro yqttTeJI.H. 

KaK H BC.HKaa rJiy6oKaa TBopqecRaa pa6oTa, aTa KHHra He ycTapeJia 

H 6y,z:i;eT OTJIHqHbIM rroco6tteM ,ll;Jl.H yqHTeJiell:, HO OHa Jllllllb BBe,n;eHHe B Me-
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TO.IJ;bI, KOTOpbie ycTaHaBmrnaIOT CB.H3H Me:lK,ll,Y 3JieMeHTapHbIMH o6'beKTaMH, 

o,n;HaKo Ha 3TOH OCHOBe CTpOHTC.H BC.H MaTeMaTHKa. 

Y"iettui.u 1964 2ooa B'btnyci.a 9-11 «3» '/Wl,acca wi.0J1:bt N~ 2 
('Hutte - Jiuv,e.R «Bmopa.R W'K:OJta» ): E. A. I'pe6emoi. (MaJti.o­
Ba), E. Ill. Hcaeaa (PoaettrjJM'bo), JI. J{. Ka6aon, A. A. Kopo6oa, 
B. 0. Mai.apeau"i, JI. A. Ilani.oaa (Myxutta), I'. <P. Po.Maw,eni.o 
(3a6omuna), A. B. CyxattoB, B. B. Xa"iamypJttt, A. B. qui.oJtu­
ttu, B. J{. Ille,//,J/,OB, B. A. Illoxun. 



IIPE~HCJIOBHE 

Tpe6oBaHmI rJiy6oKoro BHe,n;peHH51 B rnKOJihHhIH Kypc MaTeMaTHKH rro­

H51TH51 cj:>yHKIJ,HH n ee reoMeTpnqecKoro rrpe,n;cTaBJieHH51 CTaJIH ceHqac o6IIJ,e­

rrpH3HaHHhIMH ll illllpOKO ll3BeCTHbIMll. IlOH51Tll}I cj:>yHKIJ,llll ll ee rpacj:>nKa 

,z:t;OJI)KHbl CTaTb ,ll;JI51 yqaIIJ,HXC51 CTaprnnx KJiaCCOB CTOJib :a<e IIpllBblqHbIMH, 

KaK, HarrpnMep, IIOH51Tlle ypaBHeHH51. He MeHbrnee 3HaqeHne B COBpeMeHHOM 

rrperro,n;aBaHHH reoMeTpnn ,z:t;OJI:a<Ha nMeTh n,z:t;e51 reoMeTpnqecKoro rrpeo6pa-

30BaHH51 IIJIOCKOCTH. 

B yrrpa:a<HeHH51X, CB513aHHhIX c reoMeTpnqecKHMH rrpeo6pa3oBaHH51MH 

rpacj:>nKOB cj:>yHKIJ,HH, y.z:i;aqHo coqeTaeTC51 n,z:t;e51 ToqeqHoro reoMeTpnqecKoro 

rrpeo6pa3oBaHH51 IIJIOCKOCTH c n.n;eeH rpacj:>nqecKoro n3o6pa:a<eHH51 cj:>yHKIJ,HH. 

0,n;HaKO TaKHe yrrpa:a<HeHH51 B cyIIJ,eCTBYIOIIJ,eH yqe6HOH ll yqe6HO-MeTO,ll;ll­

qecKOH JIHTepaType BCTpeqaIOTC51 pe,z:t;KO, OHM He CllCTeMaTH3llpOBaHbl ll He 

ofrhe,z:t;nHeHbI o6IIJ,HMH n,z:t;e51MH. KpoMe Toro, 3HaqnTeJibHa51 qacTh yqnTe­

JieH ll3 3a OTCYTCTBH51 COOTBeTCTByIOIIJ,eH JIHTepaTypbI MaJIO 03HaKOMJieHa 

c TeopenrqecKHMH OCHOBaHH51MH rrpocTeHillllX rrpeo6pa30BaHHH rpacj:>HKOB 

cj:>yHKIJ,HH. HacT051IIJ,a51 KHnra rrpe,z:t;Ha3HaqeHa .n;JI51 3arroJIHeHH5! aToro rrpo-

6eJia B HarneH yqe6Ho-MeTo,n;nqecKoH JIHTepaType. 

03HaKOMHBillHCb c co.n;ep:a<aHHeM KHllrH, qnTaTeJib o6Hapy:a<HT, qTO rpa­

cj:>HK O,ll;HOH ll TOH :a<e cj:>yHKIJ,llll qaCTO MO:a<eT paCCMaTpHBaTbC51 KaK pe-

3YJibTaT pa3JIHqHbIX reoMeTpnqeCKHX rrpeo6pa30BaHHH rpacj:>nKa HeKOTOpOH 

llCXO,z:t;HOH cj:>yHKIJ,llll. B p51,z:t;e CJiyqaeB, HO He BCer.n;a, B KHHre yKa3bIBaIOT­

C51 pa3JillqHbie crroco6hI IIOCTpOeHH51 rpacj:>HKOB O,ll;HOH H TOH :a<e cj:>yHKIJ,llll 

B 3aBHCllMOCTll OT TOqKn 3peHH51, c KOTOpOH OHa paccMaTpHBaeTC51. 

OrpaHnqeHHhIH o6'beM KHHrn He rro3BOJIHJI paccMoTpeTh p51,z:t; BorrpocoB, 

HarrparnnBaIOIIJ,HXC51 rrpn 03HaKOMJieHnn c ee co.n;ep:a<aHneM. TaK, HarrpnMep, 

He paccMOTpeHbl rpacj:>HKH ypaBHeHHH BH,z:t;a 

tG,y)=o, t(x,~)=o, f(lxl,y)=O HT.,n;. 

He paccMOTpeHhI TaK:a<e rrpnMeHeHne reoMeTpnqecKnx rrpeo6pa3oBaHnH 

rpacj:>nKOB cj:>yHKIJ,HH ,z:t;JI51 rpacj:>nqecKoro perneHH51 ypaBHeHHH n .n;pyrne 

BOIIpOCbl. chll BOIIpOCbl rrpe,z:t;CTaBJI51IOT 6Jiaro,z:t;apHbIH MaTepHaJI ,z:t;JI51 CaMO­

CT051TeJihHOH pa60Tbl qnTaTeJI51. 
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OcHOBHbIM co,n;ep2KaHHeM KHHrH a:BmnoTca: a¢¢rrHHb!e rrpeo6pa30BaHHa: 

rpa¢IIKOB, II ,ZJ;a2Ke He BCe a¢¢IIHHbie rrpeo6pa3oBaHml, a rJiaBHbIM o6pa30M 

CIIMMeTpIIa: II rrapaJIJieJibHbre C,ZJ;BIIrII. MMeHHO 3TM rrpeo6pa3oBaHIIa: ,ZJ;OJI2KHbI 

Haii:TM MecTo B rrperro,n;aBaHMM B cpe,ZJ;Heii: mKoJie. CooTBeTCTByror:u;aa: qacTb 

KHMrM HarrMcaHa rroaToMy c 6oJibmeii: rroJIHOTOM (§ 1-15). OcTaJibHaa qacTb 

KHMrH M02KeT HaMTM rrpMMeHeHMe B KPY2KKOBbIX 3aHRTMRX. B u;eJIOM 2Ke 

KHMra rrpecJie,n;yeT o6pa3oBaTeJibHYIO u;eJib . 

.5IBJIRRCb rrepBOM M3 pa6oT, IIOCBRIIJ;6HHbIX BOrrpocaM reoMeTpMqeCKMX 

rrpeo6pa30BaHIIM rpa¢IIKOB cPYHKIJ;HM, KHHra, KOHeqHo, He CB060,ZJ;Ha OT He­

,ll;OCTaTKOB. 

ABmop 



BBE,LJ;EHHE 

06m;ue cBe,I1,emm o rpa<}>mcax <}>ymc~ u rpa<}>mcax ypaBHemm 
c ~YM5:1 HeH3BeCTHhlMH 

rpacPHKOM cPYHKllHH y = f(x) Ha3bIBaIOT, KaK H3BeCTHO, MH02KeCTBO TO­

qeK (reoMeTpuqecKoe MeCTO TOqeK) KOOp,ll,IIHaTHOH rrnOCKOCTH, KOOp,ll,HHa­

Tbl KOTOpblX x H y SIBnSIIOTCSI COOTBeTCTBYIOIIIHMH ,ll,pyr ,ll,pyry 3HaqeHHSIMH 

apryMeHTa x H cPYHKllHH y = J(x). ,[l;nsi: cPYHKllHH ,Jl,eii:cTBHTenhHOro apry­

MeHTa, paccMaTpHBaeMhIX B ,ll,anbHefimeM, rrpHHSITO orrpe,Jl,eneHue, B cuny 

KOTOporo Ka2K,ll,OMY 3HaqeHHIO apryMeHTa x (KoHeqHo, H3 o6naCTH orrpe,ll,e­

neHHSI cPYHKIIHH) COOTBeTCTByeT e,ll,HHCTBeHHOe 3HaqeHHe cPYHKllHH. Ilo3TO­

MY n106asi: rrpsi:MaSI, rrapannenhHasi: OCH Op,ll,HHaT, M02KeT HMeTb c rpacl>HKOM 

cPYHKllHH He 6onee qeM O,ll,HY o6IIIYIO TOqKy. B rrpoTHBHOM cnyqae OKa3a­

nocb 6hI, qTo HeKOTOpOMY 3HaqeHHIO apryMeHTa x COOTBeTCTByeT 6oJiee qeM 

O,ll,HO 3HaqeHne cPYHKllHH, qTQ rrpoTHBOpequno 6bI orrpe,Jl,eneHHIO cPYHKIIHH. 

PemeHneM ypaBHeHHSI c ,ll,BYMSI HeH3BeCTHhIMH x u y Ha3hIBaeTCSI rrapa 

queen (xo, Yo), IIO,Jl,CTaHOBKa KOTOpbIX BMeCTO x Hy B ypaBHeHHe 06pa111aeT 

rrocne,I1,Hee B qucnoBoe T02K,ll,eCTBO. Ka:iK,ll,Ofi rrape queen (x0 , y0 ) M02KHO rro­

cTaBHTh B COOTBeTCTBHe TOqKy KOOp,Jl,HHaTHOH rrnoCKOCTH c KOOp,Jl,HHaTaMH 

(x0 , y0 ); TaKHM o6pa3oM, Ka2K,ll,OMY pemeHHIO ypaBHeHHSI c ,ll,BYMSI HeH3BeCT­

HhIMH M02KHO IIOCTaBHTb B COOTBeTCTBHe TQqKy KOOp,ll,HHaTHOH rrnOCKOCTH. 

MHo:iKecTBO TaKux ToqeK (pemeHHfi ypaBHeHusi:) Ha3hIBaeTcsi: rpacl>HKOM 

ypaBHeHHSI. ,ll;nsi: rpacl>uKa ypaBHeHHSI He HMeeT MeCTa npaBuno, ycTaHOB­

neHHOe Bhlllle ,ll,nSI rpacl>HKOB cPYHKllHH, HMeHHO: rrpsi:Masi:, rrapannenhHaSI OCH 

Op,ll,HHaT, M02KeT rrepeceKaTh rpacl>HK ypaBHeHHSI 6onee qeM B O,ll,HOH TOqKe. 

1.fuTaTenh nerKO BCIIOMHHT xopomo H3BeCTHOe ypaBHeHHe 0Kpy2KHOCTH 

C u;eHTpOM B HaqaJie KOOp,ll,HHaT H paAffYCOM', paBHhIM r. cho ypaBHeHHe 

HMeeT BH,ll, 

Ilpsi:Mhie, rrapannenhHbie OCH Op,Jl,HHaT (x =a) H ,ll,OCTaTOqHQ 6nH3KHe 

K Heil: (\a\ < r), rrepeceKaIOT rpacl>HK ypaBHeHHSI (oKpy2KHOCTb) B ,ll,BYX 

ToqKax. 

,ll;efiCTBHTenhHO, Be,ll,b ypaBHeHue c ,ll,BYMSI HeH3BeCTHbIMH x H y M02KHO 

paccMaTpHBaTh KaK 3a,Jl,aHHe cPYHKllHH y B HeSIBHOM BH,Jl,e. 11To6bI rrony-
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y 

X=a 

0 x 

x2 + Y2 = r2 

Puc. 1 

qJITh y KaK HBHYIO ¢YHKii;HIO rrepeMeHHOH x, Ha,n;o pemHTh ypaBHeHHe OT­

HOCHTeJibHO y. B rrpHBe,n;eHHOM rrpHMepe MhI rroJiyqHM ,n;Be ¢YHKii;HH ,n;mr y: 
y = ,,/r2 - x 2 JI y = -vr2 - x 2. fpa¢HKOM rrepBOH ll3 HHX CJIY2KHT IIOJIY­

OKPY2KHOCTh, pacrroJI02KeHHaH Ha,n; OChIO a6cu;IIcc, rpa¢HKOM BTopoit - rro­

JIYOKPY2KHOCTh, pacrrOJIO:lKeHHaH rro,n; OCbIO a6cri;HCC (CM. pHC. 1). 
YpaBHeHHeM c ,n;ByMH HeH3BecTHhIMII MO:lKeT 6hITh 3a,n;aHo 6ecKoHeqHoe 

MHO:lKeCTBO ¢YHKii;Hit. HarrpnMep, ypaBHeHHeM x - tg y = 0 orrpe,n;eJIHeTCH 

6ecKOHeqHoe MHO:lKeCTBO ¢YHKii;HH BH,IJ;a 

y = arctgx, 

y = arctgx + n, 

y = arctgx + 2n, 

J1106aH rrpHMaH, rrapaJIJieJibHaH OCH op,n;HHaT, IIMeeT c rpa¢HKOM ypaB­

HeHHH x - tgy = 0 6eCKOHeqHoe MHO:lKeCTBO o6m;Hx ToqeK (cM. pIIC. 2). 
B rrpHBe,n;eHHhIX Bhrme rrpHMepax paccMaTpHBaJIHCh ypaBHeHIIH, ,n;orryc­

KaBmHe BhI,IJ;eJieHHe y KaK HBHOH ¢YHKii;HH rrepeMeHHOH x. 0,n;HaKO 3TO He 

Bcer,n;a B03MO:lKHO. HarrpHMep, ,n;mr ypaBHeHHH y + cosy + x = 0 HeB03MO:lK­

HO rrpe,n;cTaBJiemi:e y B BH,n;e HBHOH ¢yHKii;HII rrepeMeHHOH x, HO rpa¢IIK 

¢YHKii;HII cym;eCTByeT (cM. pHC. 14), II MO:lKHO paCCMaTpIIBaTb CBOHCTBa Ta­

KOro rpa¢HKa, ero pa3JIIIqHhie rrpeo6pa30BaHHH. 

BcHKOe ypaBHeHHe c ,n;ByMH HeII3BeCTHhIMH x II y MO:lKHO rrpIIBeCTH 

K BII,IJ;y cp ( x' y) = 0 ( rrepeHeCTII Bee qJieHhI ypaBHeHIIH B JieByIO qacTh). 

XoTH B ,n;aJibHeitmeM paccMaTpIIBaIOTCH rrpeo6pa3oBaHIIH rpa¢IIKOB 

¢YHKii;HH, HO IIOJiyqaeMhie pe3yJihTaTbI rrpHMeHHMhI ll K rpa¢HKaM ypaB­

HeHHH. 
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y 

7f 

3 

2 
7f 

2 
1 

-3 -2 -1 0 1 2 x 

-1 
7f 

-2 
2 

-3 

y = arctgx - 7f 

PHC. 2 

HarrpFIMep, ycTaHOBFIB, qTo rpacpFIKFI ,n;Byx cpyHKIJ;FIM f(x) FI /(-x) CFIM­

MeTpFiqHhI OTHOCFITeJibHO OCH op,IJ;FIHaT, Mbl M02KeM cqFITaTb, qTo rpacpFIKFI 

,IJ;BYX ypaBHeHFIM <I>(x, y) = 0 FI <I>(-x, y) = 0 TaK2Ke CFIMMeTpFiqHbl OTHO­

CHTeJihHO OCH op,IJ;FIHaT, HJIH ycTaHOBFIB, 'ITO rpacpFIK cpyHKIJ;FIFI kf (x) eCTh 

pe3yJihTaT HeKoToporo C2Kanrn-pacTR2KeHHR rpacpttKa f ( x) K OCH a6cu;Hcc, 

MbI TeM caMbIM ycTaHOBHM, qTo rpacpFIK ypaBHeHHR <I>(x, ky) = 0 eCTb pe-

3YJibTaT TaKoro 2Ke C2KaTFIR-pacTR2KeHFI5I rpacpFIKa ypaBHeHFIR <I>(x, y) = 0 
KOCH a6cu;Hcc. 



fJ1ABA 1 

OCEBA.H lI Il;EHTPAJibHA.H CHMMETPH.H 

§ 1. CHMMeTpIDI OTHOCHTeJlbHO OCH opµ;miaT. fpa<l:>HKH <l:>yHKII;Hii 

f(x) H f(-x) 

Ecmr _n;Be TO'IKH M(x, y) H Mi(xi, Yi) CHMMeTpH'IHhI OTHOCHTeJibHO OCH 

Opf];HHaT, TO, O'!eBHf];HO, y =Yi H x +Xi = 0 (pHC. 3). QqeBHf];HO, crrpa­

Bef);JIHBO H o6paTHOe YTBep)K,ll,eHHe: ecJIH KOOpfJ:HHaTbI f];Byx TO'IeK M(x, y) 
H Mi (xi, Yi) y_n;oBJieTBop.HIOT cooTHonieHH.HM y = Yi M x + x1 = 0, TO TO'IKH 

M M Mi CHMMeTpH'IHbI OTHOCMTeJibHO OCH op_n;HttaT. 9TH rrpocThle coo6-

pa:>KeHH.H II03BOJI.HIOT ycTaHOBHTb B:Hf]; rpacp:HKa cpyHKllHH y = f(-x), eCJIH 

rpacp:HK cpyHKllHH f ( x) 3a_n;aH. 

y 

0 

M(x, y) 

x 

{
x+x1 =0, 

Y =Yi 

Puc. 3 

x 

Ha pnc. 4 H3o6pa:>KeH rpacpnK HeKoTopoi1 cpyHKllHH f(x). To'!Ka M(x, y) 
c KOOpf];HHaTaMH x Hy rrpHHa_n;Jie:>KHT 3TOMY rpacpnKy. I'pacpRKY cpyHKIIHH 

f(-x) fl:OJI:>KHa rrpHHa_n;Jie:>KaTh TO'!Ka M1 c TaKoi1 :>Ke op_n;nHaToi1 y M a6c­

IJ,Hccoi1 xi, eCJIH !(-xi)= f(x), T. e. eCJIH -xi= x, HJIH x +Xi= 0. 
KaK 6bIJio ycTaHOBJieHo, _n;Be TaKHe TO'IKH M H Mi fl:OJI:>KHhI 6bITh CMM­

MeTpH'IHhI OTHOCHTeJibHO OCH opfJ:HHaT. CJie_n;oBaTeJihHO, Ka)K,ll,oi1 TO'!Ke M 
rpacpHKa cpyHKllHH f(x) cooTBeTCTByeT TO'!Ka M1 , CMMMeTpR'IHa.H ToqKe M 
OTHOCHTeJibHO OCH op_n;1rnaT H rrpHHaf);Jle:>Ka111a.H rpacpHKY cpyHKllHH f(-x). 



§ 1. ClIMMETPlUI OTHOCIITEJlbHO OCII OP.Li:IIHAT 13 

y 

-1 
x +x1 = 0 

PHC. 4 

TaKHM o6pa3oM, 2pa<fiu,,,., <fiy'li'K",V,UU f(-x) CU.M.Mempu"te'li 2parjJu,,,.,y <fiy'li'K",­
v,uu f(x) om'/iocume.tt'bttO ocu opduttam (cM. pMc. 4). 

KaK H3BeCTHO, ¢ynKIJ;mr f(x) na3brnaeTc.H qeTtto:H, ecJIM f(-x) = f(x), 
II03TOMY ,ll;Jl.H rpa¢MKa qeTHOH ¢YHKIJ;HH OCb op,n;HHaT CJIY2KHT OCbIO CHM­

MeTpHH. 

Xoporno H3BeCTHbIMH rrpHMepaMH H3 rnKOJibHoro Kypca MaTeMaTHKH 

CJiy2KaT rpa¢HKH qeTHbIX ¢YHKIJ;Hii: 

1) y = x 2 (rrapa6oJia, CM. pttc. 5), 

y 

4 

3 

2 

1 

-2 -1 0 

-1 

y = x2 

1 2 3 x 

f(x) = x2
, 

f(-x) = (-x)2 = x2 = f(x) 

PHc. 5 
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2) y = cosx (KOCirnycoH,n,a, CM. pHC. 6). 

y 

2 

1 

0 

-1 

y = cosx 

2 
1 3 4 x 

f(x) = cosx, 

f(-x) = cos(-x) = cos(x) = f(x) 

Pwc. 6 

Ha pHc. 7-13 rrpHBe,n,eHhI rpa<l:rnKH cPYHKil,Hfi f(-x) ,D,JI5I HeKOTOphrx 

cPYHKil,Hfi, paccMaTpHBaeMbIX B IIIKOJibHOM Kypce MaTeMaTHKH. 

y= -x 

y 

f(x) = x, 

f(-x) = -x 

Pwc. 7 

x 

,I1,JI5I rpa¢HKOB ypaBHeHHfi MhI rroJiyqaeM CJie,D,yIOI11,ee rrpaBHJIO: 2parfiunu 
ypaBtte1-mu f(x,y) = 0 u f(-x,y) = 0 cu.M.Mempu"i'l-t'bl omttocumeA"b'HO ocu 
opduttam (cM., HarrpHMep, pHc. 14). 



§ 1. CMMMETPl:UI OTHOCMTEJibHO OCM OP,LI:MHAT 

y = -2x -1 
y 

3 

2 

1 

y=2x-1 

-2 0 / 1 2 x 

y = x2 + 2x -1 

-1 

_
1 

/ f(x) = 2x - 1, 

// f(-x) = -2x -1 

Puc. 8 

y 

2 

1 

y = x 2 
- 2x -1 

2; 3 x 

,/ 
/J(x) = x2 

- 2x - 1, 
-2 \ ..•. _____ ,./f(-x) = x2 + 2x - 1 

Puc. 9 

---------;: ...... ~.,1 - 01 

y=-

x 

x \\ 

\2 1 
f(x) = ;;, 

1 
f(-x)=--

x 

Puc. 10 

15 
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y 

2 y = log2 x 

//1 2 3 x 

/ f(x) = log2 x, I f (-x) ~ log,(-x) 

PHc. 11 

y 

y = sin(-x) y = sinx 

', 1 __ /_,,---------"",, '',,,_'' 

~-------- .............. .. 

J(x) = sinx, 

f(-x) = sin(-x) 

PHC. 12 

y 

3 

-------, 2 
......... 

y = arcctg( -x) 

-2 -1 0 1 2 x 

-1 
f (x) = arcctg x, 

J(-x) = arcctg(-x) 

PHC. 13 



§ 2. Cl1MMETPIUI OTHOCI1TEJlbHO OCI1 ABCU:I1CC 

y +cosy+ x = 0 
y 

3 

2 

1 

y+cosy-x=O 

/ 
/ 

-3 -2 

-------1-...... -

--------------
----- -2 

PRC. 14 

YnpIDKHelllnI 

IlocTpOll:Te rpacpMKM cpyHKrzyIM. 
1.y=2-x. 
2. y = tg(-x). 
3. y = ctg(-x). 
4. y = arcsin(-x). 

5. y = arccos(-x). 

6. y = arctg( -x ). 

2 3 x 

§ 2. CHMMeTpWI OTHOCHTeJlhHO OCH a6c~cc. fpa<l>mm <l>yHICQHii 

f(x) H -f(x) 

17 

EcJIM ,n;Be TOqKn M ( x, y) M M1 ( x1, y1) CMMMeTpnqHhI OTHOCMTeJihHO ocn 

a6cn,ncc (cM. pnc. 15), TO 

X = X1, y = -y1 · 

QqeBM,IJ;HO M o6paTHoe YTBep)K,n;ettne: ecJIM Koop,n;nttaTbI ,n;Byx ToqeK 

M(x, y) M M1(xi, Y1) y,n;oBJieTBop.HIOT ycJIOBM.HM 

X = X1, y = -y1, 
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y 

M(x,y) 

0 x 

Plic. 15 

IIoaToMy 2parfiu,,,;u rfiytti>:tt,uu f(x) u - f(x) cu.M.Mempu"ltt'bt omttocume.ti'b­
tto ocu a6cv,ucc (cM. pHc. 16). 

IlpHMemrn: 3TY TeopeMy K rpaqmKaM ypaBHeHH:ii, IIOJiyqHM CJie.izyrom;ee 

rrpaBHJIO: 2parfiu,,,;u ypaettettuu f(x, y) = 0 u f(x, -y) = 0 cu.MMempu"ltt'bt 
omttocume.ti'b'HO ocu a6cv,ucc. 

y 

y= f(x) 

2 3 4 x 

-2 

PHc. 16 

Ha pHc. 17 rrpHBe,n;eH rrpHMep rrocTpoeHHB rpaqmKa ypaBHeHHB 

-y + cosy - x = 0 KaK KpliBO:ii, CHMMeTpHqHOH rpaqmKy ypaBHeHmI 

y + cosy - x = 0 OTHOCHTeJibHO OCH a6cn;Hcc. 

I'pa¢HK cPYHKTI;HH He MQ)KeT 6bITb CHMMeTpHqeH OTHOCHTeJihHO OCH a6c­
n;HCC ( 3TO 03HaqaJio 6b1, qTo Ka:lK,ll;OMY 3HaqeHHKJ apryMeHTa x COOTBeT-



§ 2. CllMMETPlUI OTHOCllTEJibHO OCH ABCIJ;llCC 19 

CTBYIOT ,n;Ba 3Ha'leHHR ¢yttK:u;1rn: y H -y, 'ITO rrpoTHBope'IHT orrpe,n;eJieHHIO 

cPYHKIJ;HH). 

y 

3 

-y +cosy - x = 0 

2 

-3 -2 -1 0 
f(x, y) = y +cosy - x, 

f(x, -y) ~ -y + :.:."..:."'-_../~~ 

-3 

Pnc. 17 

y 

2 

1 

0 1 2 

-1 

3 

- 2 f ( x' y) = y2 
- x' 

f(x, -y) = y2 - x 

Pnc. 18 

' / 

y+cosy-x=O 

' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 

x 

2 3 x 

fpa¢HK ypaBHeHHR MO)KeT 6hITb CHMMeTpH'IeH OTHOCHTeJihHO OCH a6c­

:u;ncc, ecJIH f(x, y) = f(x, -y). HarrpnMep, rpa¢HK ypaBHettHR y2 - x = 0 
(cM. pnc. 18) CHMMeTpH'IeH OTHOCHTeJibHO OCH a6c:u;ncc, IIOTOMY 'ITO 
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y2 - x = (-y)2 -x. ,Il;pyrHM IlpHMepoM CJIY2KHT paCCMOTpeHHhlH BhIIIIe 

rpa¢HK ypaBHeHH5I x 2 +y2 = r2 (cM. pHc. 1). Ha pHC. 19-23 npHBe,IJ,eHhI 

rpa¢HKH HeKOTOphlX H3y'IaeMhlX B IIIKOJie cPYHKIJ;HH. 

y 

y = -2x + 1 

-1 

y = -x2 +2x+1 

PHC. 19 

y 

2 

. . . . . . 
-1" \ 

\\ 

-2 
'•, ......... _ ....... 

2 x 
f(x) = 2x - 1, 

- f ( x) = - 2x + 1 

. . . . 
;y~x2 -2x-1 

/ 
3 x 

f(x) = x2 
- 2x - 1, 

-f(x) = -x2 + 2x + 1 

PHC. 20 

Ka2K,IJ,YIO H3 ¢yttKn;Hii: y = -x H y = _ .! M02KHO paccMaTpHBaTh H KaK 
x 

f(-x), H KaK -f(x). Ilo3TOMY HX rpa¢HKH (cM. pHC. 7 H 10) CHMMeTpH'IHhl 

KaK OTHOCHTeJihHO OCH a6c11Hcc, TaK H OTHOCHTeJihHO OCH op,IJ,HHaT (CM. co­
l 

OTBeTCTBeHHO rpa¢MKH ¢yttKIIMH y = x H y = - ) . 
x 



§ 2. CllMMETPIUI OTHOCllTEJibHO OCH ABCIJ;:HCC 

y 

2 

1 

-1 0 

-1 

-2 

y = log2 x 

...... 

//1 2 3 4 x 1 

y = - log2 x = log2 -
x 

f f(x) = log2 x, 
i 1 
- f(x) = - log2 x = log2 - = log1 x 

Plic. 21 

y 

2 

x 2 

y=-cosx 1 

/,// ______ ---..........•.. 

1 '•,, 2 3 x 

····· ....... . 
-3 -2 / -1 0 

······ ... __________ ... / 
y = cosx -1 

-2 

PRC. 22 

f(x) = cosx, 

-f(x) = -cosx 

y 

y = - arcsinx 2 y = arcsinx 

1 

-2 -1 1 2 x 

-1 

-2 f(x) = arcsinx, 

-f(x) = - arcsinx 

Plic. 23 

21 
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YnpIDKHeBIDI 

IIocTpoiiTe rpaqmKH cpyHKu;alt 

7. y= -x2 . 

8. y = -sinx. 

9.y=-tgx. 
10. y = -ctgx. 

11. y = - arccosx. 

12. y = - arctgx. 

13. y = - arcctgx. 

14. y = -2x. 

§ 3. CHMMeTplUI OTHOCHTeJibHO np~Moii, rrapaJlJieJibHOi OCH a6cu;ncc. 

fpaquum f}>yHK.D;Hi f ( x) 11 a - f ( x) 

EcJIH ,n;Be TOqKn M(x, y) n M 1(x1, y1) CHMMeTpnqHhI OTHOCHTeJihHO rrpsr­

MOH y = b, rrapaJIJieJihHOH OCH a6cu;ncc, TO, KaK BMAHO Ha pnc. 24, .n;omKHbl 

BbIIIOJIHHTbCH ycJIOBHH 

x = X1, Yl - b = b - y. 

BTopoe ycJIOBHe MO)f<:eT 6bITb 3a1mcaHo B BH,n;e y + YI = 2b. QqeB!fA­

Ho, crrpaBe,D;JIHBO H o6paTHOe YTBep)K,ll;eHne: eCJIH KOOp,D;HHaTbl ,D;BYX ToqeK 

M ( x, y) n M 1 (xi, Y1) y,n;oBJieTBopsrIOT ycJIOBHHM 

x = X1' y + Yl = 2b, 

TO TOqKn Mn M 1 CHMMeTpHqHhl OTHOCHTeJibHO rrpsrMoii y = b. 

Y M1(xi,y1) 

Y1 - b { -----+-__,_+-}_b ___ y_ y = b 

M(x,y) 

PHc. 24 

x 
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C¢opMyJrnpoBaHHhie BhIIIIe B3aHMHO o6paTHhie TeopeMhI BepHhI npn: mo-
6oM 3Ha<J:eHHH b, KaK IlOJIO:lKHTeJibHOM, TaK ll OTpn:u;aTeJihHOM (cM. pHC. 24). 
Ilpn: b = 0 HMeeT MeCTO CHMMeTpH.H OTHOCHTeJibHO OCH a6cu;n:cc (y + Yl = 
= 0, HJIH y = -y1), paccMOTpetttta.a B § 2. TaKHM o6pa3oM, MhI npHXO.IJ;HM 

K cJie.n;y10rn;eMy yTBep)K.IJ;emIIO: zparfiux:u rfiyttx:u,uu f(x) u a - f (x) cu.M­
Mempu"ltt'bt omttocume.11/btto npJl,.MOU y = i (cM. pn:c. 25). 

y 

y=f(x) 
2 , ............ ---........... / 

/ \\,, / 
, ,, a .... _ .. , y == -

2 --------------------- ------- ------------------------------------------
' -2 2 3 

1 x 

y=a-f(x)(a>O) 

Pnc. 25 

y 

y=2-x x=l ,.y =x 

2 // 
, ......... ' 

---------1 ------_~) i -:::~: __________ y = 1 

,,,,,, l 
-1 ,/ 0 

//~1 
3 x 

f(x) = x, 

a-f(x)=2-x 

Pnc. 26 

Hn::lKe npn:Bo,n;.aTC.SI npMMephr npMMeHeHM.a 3Toro yTBep:lK.n;eHM.a 

(CM. pMC. 26-30). 
,Il;pyra.SI TQqKa 3peHM5! Ha TIOCTpoeHMe rpa¢HKa cPYHKI!MM a - f(x) 

6y,n;eT npirne,n;eHa B § 9. ,Il,JI.a rpa¢HKOB ypaBHeHMM, KaK HeTpy,n;HO TIOH5!Th, 

MhI noJiyqaeM cJie.IJ;YIOliiee npamwo: zparfiux:u ypaBttettuu f(x, y) = 0 

u f(x, a - y) = 0 cu.M.Mempu"ltt'bt omttocumM'btto npJl,.MOU y = i· 
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II p II Me p: rpa<i>IIKII ypaBHeimii: x - y2 = 0 u x - (a - y)2 = 0 
(cM. pIIC. 31). 

y 
. 
\\ 2 

' ' 
'\\ 1 

\ 
......... 

y = x2 

' 

,/ 
/ 

,-' 

-2 -1 0 1 2 x 
----------------------------- -----------------------------

1 -1 f(x)=x 2
, y= --

2 

-2 

-3 

a - f(x) = -1- x 2 

y = -l -x2 

PHc. 27 

. . . . . . 
\ 1 
\,Y = ;;-

1 '•,, 

y = ~ ------------------------------------ -------------->~::~ 
2 
--+~--<o---~,.._~---~--~~--~---~ 

-2 -1 0 1 2 3 x 
-------~----------,___ 1 x - 1 

y=;;- \"-1 y=l-;=-x-

l \-2 f(x) = ;;' 
1 

a - f(x) = 1 - -
x 

Pttc. 28 



§3. rPA<I>l1Kl1 <I>YHKU:lIH J(x) l1 a - J(x) 

y 

_) ---- y = cosx 

-2 _./·/·· ········· .. , 2 

-3 / -1 0 
,.,/,, 

!:=~~~-----------------
y = -1 ·::.:.1 

y=2-cosx 
-2 

f(x) = cosx, 

a - f(x) = -2 - cosx 
-3 

Pnc. 29 

y = 2 - arcsin x Y 

3 

2 y = arcsinx 
' ' 

' ----------------------------- -------- ~------------------------

! /// 

-2 -1 / 0 1 2 3 x 

(1 f(x) = arcsinx, 

a - f(x) = 2 - arcsinx 

Pnc. 30 

y x - (1-y)2 = 0 

2 .... x-y2 = 0 

1 _,...-························ 1 

········;;···················2·················· y = 2 

o.. 3 x 

-1 '"---------~------~--
-2 f(x,y)=x-y2, 

f(x, 1 - y) = x - (1 - y)2 

Pnc. 31 

25 
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IIocTpoiiTe rpaqmKH ¢yttKl1,HH. 

15. y= 3- sinx. 

16. y = -1 - arccosx. 

IIocTpoiiTe rpa¢nK ypaBHettmi:. 

17.x2 +(1-y)2 =4. 

§ 4. CHMMeTPIDI OTHOCHTeJil>HO np.HMoii, napaJIJieJibuoi ocH op~aT. 
fpa$HKH $y~ f(x) H f(a - x) 

EcJIH ,n;Be TO'IKH M(x, y) n M1 (x1, y1) CHMMeTpH'lHhI OTHOCtt:TeJihHO np.H­

Moii x = b, napaJIJieJihHOH OCH op,n;nHaT, TO (cM. pnc. 32) 

b- X1 = x - b, y = Y1, 

HJIH 

x + X1 = 2b, y = Yl. 

CnpaBe,LJ;JIHBo, KaK JierKo 3aMeTHTh, n o6paTHOe yTBep:JK,n;ettne: ecJIH KO­

op,n;nttaThl ,n;Byx TO'leK M(x, y) n M1 (x1, y1) y,n;oBJieTBopmoT ycJIOBH.HM 

x + X1 = 2b, y = Yl' 

TO 3Tli TO'IKH CHMMeTpH'IHbl OTHOCHTeJihHO np.HMOH x = b. 

x=b 
yl 

M1(x1,Y1) \ M(x,y) 

0 

·---------t---------· .._.,......., i .._.,,....,, 

b-x, I x -b 

x 

{ 
x +x1 = 2b, 

Y = Y1 

PRC. 32 

Ha ocHOBaHHH c¢opMyJinpoBaHHhIX BhIIIIe TeopeM MO:JKHO ycTaHOBHTh 

Bli,LJ; rpa¢nKa ¢yHKl1,lili f (a - x)' eCJIH rpa¢nK ¢YHKl1,lili f ( x) 3a,n;aH. IlyCTb 



§ 4. I'PA«l>HKH «l>YHKU:HH /(x) l1 /(a - x) 

y 

a 
x=-

2 

PHc. 33 

Y = f(x) 

27 

TO'!Ka M(x, y) rrp1rna,z:t;Jie:lKHT rpacpHKY cpyHKIJ;HH f(x). fpacpHKY cpyHKIJ;HH 

f(a - x) ,n;om1rna rrpHHa,z:t;Jie:>KaTh TO'!Ka M1 c TaKoii: :>Ke op,n;HHaTofi y H a6c­

IJ;HCcoii: X1, eCJIH f(a - x1) = f(x), T. e. eCJIH a - X1 = x, HJIH x + X1 =a. 
Ho Be,z:t;h 3TO ecTh ycJIOBHe CHMMeTpH'IHOCTH TO'IeK M H M1 OTHOCHTeJihHO 

rrp5IMOii: x = ~. Harne paccy:>K,z:t;eHHe rrpHMeHHMO K mo6oii: TO'!Ke rpacpHKa 

cpyHKIJ;HH f ( x)' II03TOMY MbI rrpHXO,[l;HM K CJie,n;y10ru;eMy rrpaBHJiy: zpaifJU'/l,U 

<fiytt'/l,V,UU f(x) u f(a - x) CU.M.Mempu"ltt'bt omttocume.11/otto np.H,.MOU x = ~ 
(cM. pHC. 33). 

y 

2 

-2 -1 0 

.. 
'• '• 
i \\ 1 

! '•,,, ___ 71__: __ ~-------· 

1 

PHc. 34 

2 3 x 
1 

y=--
1-x 

1 
f(x) = ~' 

1 
f(a-x)=--

1-x 

IlpHBe,z:t;eM HeCKOJibKO rrpHMepoB IIOCTpoeHH5I rpacpHKOB cpyHKIJ;HH 

f(a - x) (cM. pnc. 34-38). 
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. . . . . . . . . . 
' ' . . . . . . 

' . . . . . . . . . . . . . 
" 

y 

4 

3 

2 

1 

' .......... 

x=l y=(2-x)2 
' ' ' ' ' ' 

/y~x' 

•/ 

-2 -1 0 1:, 2 3 
x 

f(x) = x2
, 

f(a-x)=(2-x) 2 

PHc. 35 

x=-~ Y 

y = log2 ( -1 - x) 2 
y = log2 x 

1 

/:l 2 3 x 

/ f(x) = log2 x, I f(a-x) ~ log2(-1-x) 

PHc. 36 

3aMeTHM, 'ITO rpa¢HK ¢YHKIJ;HH y = 2 - x MOJKHO paccMaTpHBaTb 

c ,Il;BYX TO'IeK 3peHmI: BO-nepBbIX, KaK rpa¢HK ¢YHKIJ;Hii: a - f(x), eCJIH 

f(x) = x (rnK OH 6bIJI IIOCTpoeH Ha puc. 26), a BO-BTOphIX - KaK rpa¢HK 

¢YHKIJ;HH f(a - x), r,u;e J(x) = x (Tor.u;a Mbl IIOJIY'IHM 3TOT rpa¢HK KaK 

rrpaMyIO, CHMMeTpH'IHYIO npHMOii: y = x OTHOCHTeJibHO OCH CHMMeTpHH 

X = 1; CM. pHC. 26). 
,lLpyraa TO'IKa 3peHHH Ha IIOCTpoeHHe rpa¢nKOB ¢YHKu;HM f(a - x) 6y­

,u;eT H3JIOJKeHa B § 8. 



§ 4. rPA<I>MKH <I>YHKUHVI /(x) l1 /(a - x) 

y = sin(l - x) 

·.,-3 

y 

2 

1 

··· .. , -1 ,' 0 
'•,,, ____________ / __ ~-1 

1 2 3 '•.X 

y = arccos(-1 - x) 

-3 -2 

y 

2 

x2 + y2 = 1 1 

f(x) = sinx, 

f(a - x) = sin(l - x) 

P11c. 37 

'•,,,, y = arccos x 

1 '\\ 

-1 ! 0 1 2 x 

~1 f(x) = arccosx, 

f(a - x) = arccos(-1- x) 

P11c. 38 

1 
x=-

2 

(1 - x)2 + y2 = 1 

2 x 

-1 f(x,y) = x2 +y2 -1, 

f (a - x, y) = (1 - x)2 + y2 - 1 

P11c. 39 

29 



30 rJI. 1. OCEBA5I H IJ;EHTPAJihHA.H CHMMETPMH 

.II;mr rpaqmKOB ypaBH8HHH Mbl IIOJiyqaeM CJIC,llJ'IOllWP upaBHJIO: 2pa<fju­

x;u ypaBHeHuu J(x, y) = 0 u J(a - x, y) = 0 cuM.Mempu•t1tu omnocume.rt'b'HO 
~ a 

npJl,.MOU X = 2. 
II pH Me p: rpacpHKH ypaBHeHHH x2 + y 2 = 1 11 (1 - x) 2 + y 2 = 1 

(CM. pHC. 39). 

¥ npruKHeHlfil 

IIocTpoH:Te rpacpHKH cpyttKIJ;HH. 

18. y = 2-x. 
19. y = tg(l - x). 
20. y = arcsin(-2 - x). 
IIocTpoitTe rpacpHK ypaBHeHmL 

21. y2 + x - 1 = 0. 

§ 5. Il;eHTpam>HIUI cHMMeTpH.H OTHOCHTCJibHO HaqaJia KOOp,lJ;HHaT. 

fpa<l>HKH <l>Y~ f(x) H -f(-x) 

EcJIH ,n;Be TO'IKH M ( x, y) H M 1 (xi, Y1) CHMMeTpH'IHhI OTHOCHTeJihHO Ha­

qaJia KOOp,LJ;HHaT (cM. pnc. 40), TO HX KOOp,Ll;HHaThI, KaK 3TO CJie,n;yeT H3 

onpe,n;eJieHH51 IJ;CHTpaJibHOH CHMMeTpHH H BH,LJ;HO Ha pnc. 40, Y,LJ;OBJICTBOpa­

IOT COOTHOIIICHH51M 

y 

M(x,y) 

x 

PHC. 40 

CrrpaBe,LJ;JIHBO H o6paTHOe yTBep)l()l;ettne, T. e. ecJIH KOOp,LJ;HHaThI .n;Byx 

TO'IeK M(x,y) H Mi(x1,Y1) CB513aHhI cooTHOIIIeHHHMH 



§ 5. C.11MMETP.11JI OTHOCMTEJibHO HA qAJIA KOOP.LJ;MHAT 31 

TO TO'IKH M H M1 u;ettTpaJibHO-CHMMeTpH'IHbI OTHOCHTeJibHO Ha'IaJia KOOp­

,!J;HHaT. 

-3 

-2 

y 

2 _./···--••• \. 7 f(x) 

// 1 '-..__,/ 

-2 
0 3 x \\ ,/ -1 ......... __ ...... ' 

y 

-2 

Pwc. 41 

y = 2x + 1 

' ' ' ' ' ' ' 

' ' ' ' ' ' I //y ~ 2x-1 

1 2 x 

?' f(x) = 2x -1, 

-f(-x) = -(2(-x) -1) = 2x + 1 

-2 

Pwc. 42 

Ha octtoBamm 3Toro paccy)K,ll;eHH.H JierKo ycTaHOBHTh, 'ITO ecJIH KaKa.H­

m160 TO'IKa M(x, y) rrpHHa,n;Jie:>KHT rpa<l:>HKY <l:>YHKil;HH f(x), TO TO'IKa 

M1 (-x, -y), u;ettTpaJibHO-CHMMeTpH'IHa.H e:ii: OTHOCHTeJihHO Ha'IaJia KOOp­

,n;HHaT, ,!J;OJI:>KHa rrpHHa,D;Jie:>KaTh rpa<l:>HKY <l:>YHKil;HH -f(-x). 
Mhl rrpttxo,n;HM K cJie.n;y10rn;e:ii: TeopeMe: 2parfiu""u rfiYH""u,uu f ( x) 

u - f(-x) u,eHmpa.tlibHO-cu.M.Mempu""H'bt omHocume.11,'b'H.O Ha'l(,a.11,a iwopauHam 
(CM. pHC. 41). 



32 rJI. 1. OCEBAH I1 UEHTPAJibHMI CMMMETPl.UI 

Ecmr cpyHKTI;HSI f(x) tteqeTHa, T. e. f(-x) = - f(x), HJlH f(x) = - f(-x), 
TO ee rpacpHK n;eHTpaJlbHO-CHMMeTpH'leH OTHOCHTeJlbHO Ha'I8Jla KOop.n;n:HaT; 

TaKOBbl, HarrpHMep, rpacpHKH cpyHKTI;Hii y = x; y = sin x; y = tg x; y = .!. . 
x 

IlpHBe,n;eM HeCKOJlbKO rrpHMepoB IIOCTpoeHHSI rpacpHKOB - f(-x) 
(cM. pHc. 42-45). 

y = -x2 - 2x + 1 

-2 

. . . . 

-1 

y 

2 

P:irc. 43 

y 

2 

y = log2 x 

y = x2 - 2x -1 . . . . 

I 
\\ 1 ,2, .... / 3 x 

- l\ f ( x) = x2 
- 2x - 1, 

\ ,/ -f(-x) = -(x2 +2x-1) = 
'"'-·,.,, ,, 

............. '' = -x2 
- 2x + 1 -2 

Pac. 44 

,Il;JISI rpacpHKOB ypaBHeHHii IIOJIY'IHM CJie.n;yrorn;ee rrpaBHJIO: 2pa<fiu­
'ICU ypaenei-mu f(x, y) = 0 u f(-x, -y) = 0 '4ettmpaJl,'b'HO cu.M.MempU"lU'bl 
omi-wcumM'b'HO '>-ta"lMa ?CoopiJui-tam (CM. pHc. 46). 



§5. CJ1MMETPJ1.H OTHOCMTEJibHO HA"IAJIA KOOP,Ll;MHAT 33 

-2 -1 

y2 +x = 0 

1 2 x 

f(x) = arccosx, 

- f(-x) = - arccos(-x) 

-3 

Pnc. 45 

y 

2 y2 -x=O 

,',,,'' 

,,,.. .. -------------------

-2 f(x, y) = y2 - x, 

f(-x, -y) = y2 + x 

Pnc. 46 

Ynpa.>KHemm 

IlocTpOHTe rpa<t>HKH <PYHKIJ;HH. 
22. y = -2-x. 
23. y = - arctg(-x). 
IlocTpoH:Te rpa<PHK ypaBHeHmr. 
24. cosy - y + x = 0 (cM. pHc. 14). 



yCJIOBJi!RM 

rJIABA 2 

IlAPAJIJIEJibHhlH ITEPEHOC 

§ 6. Ilapamiem.Hbrli nepeaoc B~om. ocu a6c~cc. 
fpacl>mrn cl>yHKIJ;Hii f ( x) 11 f ( x + a) 

Xi = x + b, Yi = y, 

TO MO)KHO C'!HTaTh, '!TO TO'!Ka Mi rroJiy'!eHa rryTeM rrepeHoca TO'!KH M 
B,lJ,OJih rrpRMOit, napaJIJieJihHOit ocn a6c:o,ncc, Ha OTpe30K M Mi (CM. pHc. 4 7) 
BnpaBO, eCJIH b > 0, Ji!JIJi! BJieBO, ecJIH b < 0. 

y 

0 

I M(x,y) 

b<O b>O 

{
Xi= X + b, 

Yi= Y 

Prrc. 47 

x 

O'IeBH.n,Ho, '!TO ecJIH KaKaR-JIH6o TO'!Ka M(x, y) IIJIOCKOCTH nepeHeceHa 

rrapaJIJieJibHO OCH a6CIJ,Ji!CC Ha 0Tpe30K b (b > 0) BnpaBo, TO HOBhie KOOp,D,H­

HaTbI (x1, Yi) rrepeHeceHHOH TO'!KJi! y.n,oBJieTBOPRIOT COOTHOllleHHRM 

Xi=x+b, y1=y, 

H aHaJiorH'!HO npH rrepeHoce Ha b BJieBo 

X1 = x - b, Yl = y. 



§ 6. ITAPAJIJIEJibHbIH ITEPEHOC B,LJ;OJib OCH ABCU:HCC 35 

9nr coo6pa)Kemrn: II03BOJUIIOT ycTaHOBHTb BH,11; rpacpHKa cpyHKD;HH 

f(x +a). 
IIycTb KaKa51-HH6y,n;h TO'IKa M(x, y) npHHa,n;Jie)KHT rpacpHKY f(x); Tor.n;a 

rpacpHKY cpyHKD;HH f(x +a) ,ll;OJI)KHa npHHa,n;Jie)KaTh TO'IKa M 1 c TaKoii: )Ke 

op,n;HHaToii: H a6cu;Hccoii: x1, ecJIH f(x1 +a)= f(x), T. e. ecJIH X1 +a= x, 
HJIH X1 - X = -a. 

9To 03Ha'IaeT, 'ITO TO'!Ka M1 noJiyqaeTC51 nyTeM napanJieJibHoro nepe­

Hoca B,ll;OJib OCH a6cu;HCC TO'IKH M Ha 0Tpe30K a BnpaBO, eCJIH a< 0, HJIH 

BJieBO, eCJIH a> 0. 

y 

1 

0 

-1 

y = f(x +a) y = f(x) 

///_,--

..... ___ ...... ',' 

1 2 3 4 x 

Y = f(x), 

y = f(x +a), a > 0 

PHc. 48 

Paccy)K,n;eHH51, npoBe,n;eHHhie no OTHonrnHHIO K TO'!Ke M rpacpHKa cpyHK­

D;HH f ( x)' cnpaBe,ll;JIHBbI no OTHOIDeHHIO K JII06oii: TO'!Ke 3Toro rpacpHKa, 

n03TOMY Mbl npHXO,ll;HM K BbIBO,n;y: 2pa<fiu'K: <fiY'tt'K:U,UU f (x +a) ecm'b peayJL'b­
mam napaJ1,J1,eJL'b'tto20 nepe'ttoca 2pa<fiu'K:a <fiY'tt'K:U,UU f(x) no 'ttanpaeJLe'ttu10 ocu 
a6CU,UCC 'tta a eau'ttUU, 6JLe60 npu a > 0 UJLU 'tta a eaU'ttUU, BnpaBO npu a < 0 
(cM. pHC. 48). 

Ilo OTHOIDeHHIO K rpacpHKaM ypaBHeHHH noJiy'IHM CJie,n;yIOIIIee npaBHJIO: 

2pa<fiu'K: ypae'tte'ttUJt, f(x +a, y) = 0 ecm'b peayJL'bmam napaJ1,J1,eJL'b'tto20 nepe­
'ttoca 2pa<jju'K:a ypaB'tte'ttUJt, f(x, y) = 0 'tta a eaU'H,U'U, BJLeBO, eCJLU a> 0, UJLU 
'tta a eau'ttUU, BnpaBO, eCJLU a < 0. 

PaccMOTpHM HeCKOJihKO npHMepoB. 

I'pacpHK cpyHKD;HH x + 2 MO)KHO paccMaTpHBaTh KaK rpacpHK cpyHKD;HH 

f(x +a), r.n;e a= 2 H f(x) = x (cM. pHc. 49). OH noJiyqaeTC51 nyTeM cooT­

BeTCTBYIOIIIero napanJieJibHOro nepeHoca np51MOH y = x. 
HH)Ke npHBOMTC51 .n;pyrHe npHMephI napanJieJihHOro nepeHoca rpacpH­

KOB cpyHKD;HH B,ll;OJih ocH a6cu;Hcc (cM. pHc. 50-55). Ha pHc. 56 npe.n;cTaBJieH 

rrapaJIJieJihHhIH rrepeHoc rpacpHKa ypaBHeHH51. 
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y = x2 . . 
' 

y 
y=x+2 

-2 -1 ,/ 0 1 2 x 
,/ f(x) = x, 

// -l f(x+a)=x+2 
,' 

Pnc. 49 

y 
x=l y = (2 - x) 2 

\ 
3 

2 

\\ 
\ 1 

\ ... 
•,, 

-2 -1 0 1! 2 3 x 

J(x) = x2
, 

f(x +a) = (x - 2)2 = (2 - x)2 

Pnc. 50 

y 1 

y = cosx 

x=-

21 !: 2 
y = cos(x -1) 

----·~ ------

'··--·--., 
-1 

.............. ____ .. 
f(x) = cosx, 

f(x - a)= cos(x - 1) 

Pnc. 51 

x 



§ 6. IIAPAJIJIEJihHhIH IIEPEHOC B.Il:OJih OCH ABCIJ;l1CC 37 

y 
x=l 

y=x-2 

2 ' 3 x 

' 
f(x) = x, 

f(x +a)= x - 2 

PHC. 52 

1 
y X= -

y = sin(l - x) 1 

i 2 
!y=sinx y = sin(x - 1) 

,,.,,,. .. -------.... i / - -,' ',, > 
.· .·'',,,. .. ~ .. .. ·· /!'' .... 

x 

-1 f(x) = sinx, 

f(x - a)= sin(x -1) 

y 

2 

-1 

PHc. 53 

y = log2 (x + 2) 

y = log2 x 

/tl 2 3 x 

/ f(x) = log2 x, 

_ 2 I f(x +a) = log2 (x + 2) 

PHc. 54 



38 rJI. 2. IIAPAJIJIEJibHblA nEPEHOC 

y 

. 3 
y = arccos x \\ 

-2 -1 

'',,,2 
',, 

y 

2 

1 

0 

-1 

y = arccos(x - 1,5) 

', 
' 

' '• 
' 
' ' ' . . 
1 2 3 x 

f(x) = arccos x, 

f(x - a) = arccos(x - 1,5) 

PRC. 55 

-· 
....................... 

y2 - (x + 2) = 0 

--· y
2 

- x = 0 

// _____ _ 

-2 -1 0 \ 1 2 3 x 

-2 
f(x) = y2 - x, 

' ........ 
........ 

----------------

f(x +a) = y2 
- (x + 2) 

PRC. 56 

,LI. JI z q e TH bl x <Py HK u; H H f(x - a)= f(a - x). Ilo3TOMY rpa¢HK 

cPYHKJJ;HH f (x - a) MOJKHO paccMaTpHBaTb H KaK pe3yJibTaT rrapaJIJI€Jlb­

HOrO rrepeHOCa Ha a e,n;HHHJJ; (BrrpaBO rrpn a> 0) rpa<finKa cPYHKJJ;HH f(x), 
a 

If KaK pe3yJibTaT CHMMeTpHH OTHOCHT€JlbHO OCH x = 2 rpa¢ttKa f(x) 
(CM. pHC. 50, 51). 

,lJ,Jiz HeqeTHbIX cPYHKJJ;HH f(x-a)=-f(a-x). TaKHM o6-

pa30M, rpa¢HK cPYHKJJ;HH f(x - a) MOJKHO IIOJiyqlfTb B pe3yJibTaTe rrapaJI­

JieJihHOro rrepeHoca rpa¢nKa ¢YHKJJ;HH f ( x) Ha a e,n;nHHJJ; (BrrpaBo npn 

a> 0), a TaKJKe B pe3yJihTaTe CHMMeTpHH rpa¢nKa cPYHKJJ;HH f(x) OTHOCH-



§ 7. IlAPAJ1J1EJibHbIH TIEPEHOC B,l1,0J1b OCH OP,IJ,HHAT 39 

a 
TeJibHO OCH x = 2 H IIOCJie,n;yrom;efi CHMMeTpHH OTHOCHTeJibHO OCH a6cu;HCC 

(cM. pHC. 52, 53). 
,II.mi tPYHKIJ;Hfi, He .HBJI51IOIIJ;HXC.H HH 'leTHblMH, HH He'leTHblMH, TaKoe 

,IJ;BOlllIOe TOJIKOBaHHe rpa<PHKa f(x +a) HeB03MOJKHO (CM. pHC. 54, 55). 

YnproKHeHIDI 

IlocTpOfiTe rpa<PHKH tPYHKIJ;llfi. 
1 

25. y= --1· x-
26. y = 2x+2 . 

27. y = arcsin(x - 2). 
IlocTpOil:Te rpa<PHK ypaBHeHH.H. 

28. (x + 2)2 + y2 = 4. 

§ 7. IIapamJeJlbm.iii nepeHoc BlJ.OJlb oce: op~aT. 
fpacf>mrn: cl>~ f(x) u J(x) +a 

EcJIH KOop,rzymaTbI ,n;Byx To'leK M(x, y) II M1 (x1, y1) y,n;oBJieTBOp.HIOT yc­

JIOBIIBM 

x1 =x, YI =y+a, 

TO MOJKHO cqHTaTb, qTo TO'IKa M1 rroJiy'leHa rryTeM nepeHoca TO'IKH M 
B,ll,OJib np.HMofi, napanJieJibHOfi OCH op,ri;HHaT, Ha oTpe3oK MM1 (cM. puc. 57) 
BBepx, eCJIH a > 0, HJIH: BHH3, eCJUI a < o. 

y 

0 

a>O 

. 
' ' . . . 
' 
I M(x, y) 

{ 

X1 = X, 

Y1 = y +a 

Puc. 57 

x 

CrrpaBe,ll,JIHBO H o6paTttoe yTBepJK,Ii;eHMe, HMeHHO: ecmi: TO'IKa M(x,y) 
nepeHeCeHa B,ll,OJib np.HMOfi, napaJIJieJibHOfi OCH Op,ll,HHaT, Ha 0Tpe30K a BBepx 



40 r.J1. 2. ITAPA.J1.J1E.J1bHbl'A: TIEPEHOC 

(a> 0), TO KOOp)l,HHaTbl X1, Yl IlOJiy'IeHHOii TO'IKH y,ll,OBJl(,'TBOpHIOT COOTHO­

rneHHHM 

x1 = x, Y1 = y + a. 

Ha ocnoBaHHH 3THx paccy:lK.n,ennfi MhI 3aKJIIO'!aeM, 'ITO ecJIH KaKaH­

HH6y.n,h TO'!Ka M(x, y) np1rna)l,Jle:lKHT rpacPHKY cPYHK~H f(x), TO TO'!Ka 

Mi (x1, Y1) )l,OJI:lKHa npHHa.n,Jie:lKaTh rpa¢HKY ¢yHK~H f(x) +a, ecJIH 

x1 = x, Y1 = y + a. 

TaKHM o6pa3oM, 2pa<fiu'JC <fiytt'/CU,UU y = f(x) +a ecm'b peay.1t'bmam nepe­
ttoca 2pa<fiu'!Ca f(x) tta a eiJunuu, 66epx, eC.!tU a> 0, u.n,u tta a eiJunuu, 6ttua, 
ee.1tu a< 0 (cM. pHc. 58). 

-3 \ -2 

y 

3 

y 

-1 

y=f(x) 

1 2 4 x 

y= f(x) 

y = f(x) +a (a< 0) 

PRC. 58 

x 2 + (y - 2)2 = 1 

-1\ 0 /1 
\ ' 

2 x 

'···---- ___ /f (x, y) = x2 + y2 - 1, 

-l f(x,y+a)=x2 +(y-2)2 -1 

PRC. 59 



§ 7. IIAPAJIJIEJibHblfi IIEPEHOC B.IJ:OJib OCH OP.IJ:HHAT 41 

"lfro6bI ycTaHOBHTb BH,11, rpa¢HKa ypaBHeHmI f(x, y +a)= 0 no OTHO­

meHHIO K rpa¢HKY ypaBHeHHH f(x, y) = 0, rrpe,D,IIOJIO)KHM, qTo ypaBHeHHeM 

f(x, y) = 0 orrpe,n,eJIHeTCH KaKaH-HH6y,n,h cPYHKIJ;HH y = cp(x) (ypaBHeHHeM 

f(x, y) = 0 MO)KeT orrpe,n,eJIHTbCH HeCKOJibKO cPYHKIJ;HM, 3TOT CJiyqa:ti: pac­

CMOTpeH HH)Ke), Tor,n,a ypaBHeHHeM J(x, y +a)= 0 orrpe,n,eJIHeTCH cPYHKIJ;HH 

y +a= cp(x), HJIH y = cp(x) - a. 
fpa¢HK cPYHKIJ;HH cp(x) - a, KaK ycTaHOBJieHO Bbime, o6pa3yeTCH rrapaJI­

JieJibHbIM rrepeHOCOM rpa¢HKa cPYHKIJ;HH cp(x) Ha a e,n,HHHIJ; BHH3, eCJIH a> 0, 
HJIH BBepx, ecJIH a< 0. Ho Be,D,h rpa¢HK cPYHKIJ;HH cp(x) coBrra,n,aeT c rpa¢H­

KOM ypaBHeHHH f(x, y) = 0, II03TOMY zpa<fiur.; ypa6'H,e'H,UJI, f(x, y +a)= 0 06-
paayemc.n nymeM napa.!1.1/,M'bttow nepettoca zpa<fiur.:a ypa6ttettu.n f(x, y) = 0 
tta a eauttUV, 6'HU3, eCJl,U a> 0, UJ/,U Ha a eauttUV, 66epx, eCJl,U a< 0. 

EcJIH ypaBHeHHeM f(x, y) = 0 orrpe,n,eJIHIOTCH HeCKOJibKO cPYHKIJ;H:ti:: 

Y1=cp1(x), Y2=cp2(x), ... , 

TO, rrpHMeHHH K Ka)K,11,0M H3 HHX rrpHBe,n;eHHOe Bbime paccy)K,11,eHHe, 

rrpHX0,11,HM K TOMY )Ke 3aKJIIOqeHHIO OTHOCHTeJibHO rpa¢HKa ypaBHeHHH 

f(x, y +a)= 0 (cM, rrpHMep Ha pHc. 59). 
Ha pHc. 52 mo6pa)KeH rpa¢HK cPYHKIJ;HH y = x - 2. B § 6 3TOT rpa­

cPHK paccMaTpHBaJICH KaK pe3yJibTaT rrapaJIJieJibHoro rrepeHoca rpa¢HKa 

cPYHKIJ;HH y = x B,11,0Jib OCH a6cu;Hcc. Terrepb MO)KHO ero paccMOTpeTh H KaK 

rpa¢HK cPYHKIJ;HH f(x) +a, ecJIH f(x) = x; Tor,n,a rpa¢HK y = x - 2 rro­

JiyqaeTca rryTeM rrapaJIJieJibHoro rrepeHoca rpa¢HKa y = x Ha 2 e,n,HHHIJ;bI 

BHH3. 

Ha pHc. 60 H 61 rrpe,n,cTaBJieHbI rrpHMephl rrapaJIJieJibHoro rrepeHoca rpa­

cPHKOB cPYHKIJ;HM B,11,0Jlb OCH op,n,HHaT. 

y 
y = sinx + 1,5 

2 

1 
y = sinx 

'•,, -3 

'----,,,_ -2 -1 _,/ 0 
-,, ______________ /~ 1 

1 2 3 ',, x 

f(x) = sinx, 

f(x) +a= sinx + 1,5 

PMc, 60 
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y = arccosx \ 

\\ 

y 

3 

-2 -1 

'',',,2 
',, 

f(x) = arccosx, 

f(x) +a= arccosx - 1 

2 x 

y = arccosx - 1 

Pllc. 61 

YnpIDKHemrn 

IlocTpOiiTe rpa¢HKH cPYHKII;HH. 

29. y = x 2 - 2. 
1-x ( 1 ) 30. y = -x- y = ;; - 1 . 

IlocTpOiiTe rpa¢nK ypaBHeHHR. 

31. (y - 1 )2 - x = 0. 

§ 8. Ilapam1em,m.rli nepeaoc B,ll;OJib OCH a6CD;HCC H CHMMeTpIDI 

OTHOCHTCJibHO npSIMoi, napaJIJieJibHOi OCH op,n;HHaT. 

fpacllmrn cllyBKII,Hii f ( x) H f (a - x) 

c rpa¢HKOM cPYHKII;llll f(a - x) qnTaTeJih II03HaKOMIIJICR B § 4, r,n;e 6hIJIO 

ycTaHOBJieHo, qTo :3TOT rpa¢nK eCTb pe3JJibTaT CHMMeTpHH rpa¢nKa f(x) 
u a ,,., 

OTHOCHTeJihHO rrpHMOII x = 2 . .1.erreph, B CBR3H c BBe,n;eHIIeM rrapanneJibHOro 

rrepeHoca, IIMeeTCH B03MO..fKHOCTb ,n;pyroii TOqKH 3peHHR Ha rpa¢nK ¢YHK­

Wfll f(a - x). 
Ilpe,n;CTaBHM f(a - x) B BH,n;e f(-(x - a)); rpa¢HK TaKOH ¢YHKII,llll 

M01KHO nonyqnTh B pe3yJihTaTe rrapanneJibHoro rrepettoca rpa¢nKa ¢YHK­

II;HH f ( x) Ha a e,JJ;HHHII; ( BrrpaBO HJIII BJleBO' B 3aBIICHMOCTII OT 3HaKa a) 

II rrocne,n;yroru;eii CHMMeTpIIII OTHOCHTeJibHO OCH x = a . .D;eiicTBIITeJihHO, 

Be,n;h rpa¢HKH cPYHKII;HM f ( x) II f ( -x) CIIMMeTpnqHbl OTHOCIITeJibHO OCH 

op,n;HHaT, T. e. OTHOCIITeJibHO rrpRMOH x = o, II0:3TOMY rpaqJHKII <PYHK­

u;nii f(x - a) H f(-(x - a)) ,!l;OJ12KHhl 6hITb CHMMeTpHqHbI OTHOCIITeJibHO 

rrpRMOH x - a= 0, T. e. rrpRMOH x = a. 



§ 9. IIAPAJIJIEJihHbiti IIEPEHOC B.LI;OJib OCH OP.LI;liIHAT 43 

c TO'IKH 3peHmI y,n;o6cTBa IIOCTpOeHHSI crroco6, H3JIO)KeHHhIM B § 4, CJie­

,n;yeT rrpe,n;rroqeCTh TOJihKO 'ITO yKa3aHHOMY crroco6y, IIOTOMY 'ITO B rrepBOM 

CJiy'lae Tpe6yeTCSI TOJibKO O)l;HO rrpeo6pa30BaHHe ( o,n;Ha oceBaH CHMMeTpHa)' 

Tor,n;a KaK BO BTOpOM CJiy'lae Hy)KHbI )];Ba rrpeo6pa30BaHHH: rrapaJIJieJihHbIM 

nepeHOC H oceBaa CHMMeTpHa. 

Ha prrc. 34-38 npe,n;cTaBJieHhI rpacl>HKH cPYHKIJ,HM J(a - x). Ilpe,n;JiaraeM 

'IHTaTeJIJO y6e,n;HThCSI, 'ITO Ka)K,ll;bIM H3 HHX MO)KeT 6hITb IIOJIJ'IeH B pe3yJih­

TaTe rrapanJieJihHOro rrepeHoca u CHMMeTpHH. B Ka'leCTBe rrpHMepa rrpHBe­

,n;eM nocTpoeane rpacl>HKa cPYHKil,HH y = arccos( -1 - x) (pnc. 62). CpaBHHTe 
pHC. 38 H 62. 

y = arccos(x + 1) 

~\ 
'• 

\ ]'\ 

y 

3 

' i ',',,2 
\.\ ',, 

y = arccos(-1 - x) 

-3 -2 -1 0 1 2 x 

-1 f(x) = arccosx, 
x = -1 f(a - x) = arccos(-1- x) 

P11c. 62 

IIocTpoiiTe rpacl>HKH cPYHKil,Hii, H3o6pa)KeHHhre aa puc. 34, 35, 36, 37 
H rrpe,n;JIO)KeHHhre B yrrpa)KHeHusrx 18, 19, 20, cnoco6oM, yKa3aHHhIM B Ha­

CTosrm;eM rraparpacl>e. 

§ 9. IlapamieJibHblii nepeBOC B)J;OJib OCH Op)J;llBaT H CllMMeTPlUl 
OTHOCHTeJibHO rrp11Moii, napaJIJieJibHOH OCH a6c:a;ncc. 

fpaqm:rra <l>ym::a;nii f ( x) H a - f ( x) 

B § 3 6b1JI0 ycTaHOBJieHo, 'ITO rpaqmK cPYHKil,HH a - J(x) ecTh pe3yJihTaT 
a 

CHMMeTpHH rpa¢HKa cPYHKil,HH f(x) OTHOCHTeJibHO npsrMOM y = 2· 0,n;Ha-

KO O'leBH)J;HO, 'ITO rpa¢HK cPYHKil,HH a - f(x) MO)KHO paccMaTpHBaTb KaK 

pe3yJibTaT CHMMeTpHH rpa<PuKa f(x) OTHOCHTeJibHO OCH a6Cil,HCC (rpa<PuK 
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cpyHKIVfll - f ( x)) H IIOCJie,II,yIOm;ero rrapaJIJieJibHOro rrepeHOCa Ha a e,IJ,HHHll, 

(BBepx HJIH BHH3, K 3aBHCHMOCTH OT 3HaKa a). 

y = 2 - arcsin x Y 

3 

y = -arcsinx 

-2 

\ 
\ 1 

' ' 
-1 / ' 

/ 
' 

' ' -1 
' ' ' ' ' 

o, 

PHc. 63 

y = arcsinx 
; 

/ 

1 2 x 

' 
' I 

TaKa5l TO"!Ka 3peHH5l Ha rpacpHK cpyHKll,HH a - f(x) Tpe6yeT ,D;JI5l rro­

cTpoeHH5l rpacpHKa ,D;BYX orrepau,uit: oceBOH CHMMeTpHH H rrapaJIJieJibHOro 

rrepeHoca; II03TOMY rrpe,n;rro"ITHTeJibHe:i.J: IIOJib30BaTbC5l rrpaBHJIOM H3 § 3, IIpH 

KOTOpOM ,[(JI5l IIOCTpOeHH5l Tpe6yeTC5l TOJibKO O,[(Ha oceBa5l CHMMeTpH51:. ,lJ,JI51: 

HJIJIIOCTpau,HH YKa3aHHOro B HaCT05Im;eM rraparpacpe crroco6a IIOCTpOeHH5l 

rpacpHKa a - f(x) rrpHBe,n;eM rrpHMep (pHc. 63). CpaBHHTe pHC. 63 H 30. 

Y npaxrnellllSI 

IIocTpo:i.J:Te JKa3aHHhIM B § 9 crroco6oM rpacpHKH cpyHKll,Hii, H3o6pa:>KeH­

HhJe Ha pHC. 26-29 H rrpe,n;JIO:>KeHHbie B ynpa:>KHeHH5IX 13 H 16. 



rJJABA 3 

PABHOMEPHhIE OCEBhIE C)l(ATH.H 
HJIH PACT.H)KEHH.H 

§ 10. PaBHOMepuoe cxraTHe K ocH a6c~cc. 
fpa<IJmm <IJYJIKI¢i f ( x) H k f ( x) 

EcJIH Koop,n;nttaTbI ,n;Byx TO'IeK M ( x, y) II M1 ( x1, yi) y,11,0BJieTBOpHIOT 

COOTHOIIIeHHHM 

x1 =x, Y1 =ky, 

TO M02KHO C'IHTaTh, 'ITO TO'!Ka M 1 rroJiyqeHa rryTeM pacT5DKeHHH op,n;HHaThI 

TOqKH MB k p03, ecJIH k > 1 (cM. pnc. 64). 

y 
3) 

3 

r 1) 2) 

r 
rM 2 5) 

! 4) TM 
' 

1 !M TM ' • ' ' 
!M1 ' ' ' ' ' ' ' ' 

-21 -1 0 1 ' 2 3 x ' ' ' ' ' ' 1 ' -1 ' • (1), ' 
M1 ' 

2 ' ' ' ' Mi 1 ' 
(2), ' -2 ' X1 =X, 2 • 

k= Mi 
Y1 = ky 3 (3), 

-2 (4), 
-1 (5) 

Puc. 64 

IlpH 0 < k < 1 TO'!Ka M 1 noJiyqaeTCH B pe3JJibTaTe c2KaTHH op,11,HHaThI 
1 

TOqKH M B k p03. 
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CrrpaBe.n;mrno II o6paTHOe YTBep)K,11,eHIIe: ecJIII Koop,ll;IIHaTHaH ITJIOCKOCTh 

rro.n;BeprHyTa paBHOMepHOMY C)KaTIIIO K OCII a6cu;IICC c K03cPcPIIQIIeHTOM 

c:>KaTIIH k, TO Koop.n;IIHaThI Jiro6oit TO'IKII M1, cooTBeTCTByroiu;eit TO'IKe M 
.n;o C:lKaTIIH, Bbipa)KaIOTC51 COOTHOIDeHIIHMII 

X1 = x, Yl = ky. 

Ilp1I k = 1 IIMeeT MeCTO TaK Ha3bIBaeMoe TO)K,11,eCTBeHHOe rrpeo6pa30-

BaH1Ie, T. e. BCe TO'IKII IIJIOCKOCTII OCTaIOTC51 Ha CBOIIX MeCTaX. Ilp1I k < 0 
K rrpeo6pa30BaH1IIO C)KaTII51 I1p1ICOe,D;IIH51eTC.H CIIMMeTp1I51 OTHOCHTeJihHO OCII 

a6cu;IICC. Ilp1I k = -1, KaK JierKO IIOH51Th, HMeeT MeCTO TOJlbKO CHMMeTp1I51 

OTHOCIITeJibHO OCH a6CIJ;IICC (CM. p1IC. 64). 
rpacf>IIK cPYHKIJ;IIII kj(x) MO)KHO paCCMaTpHBaTb KaK pe3yJihTaT C)KaTII51 

( IIJllI paCT51)KeHII51) rpacf>IIKa f ( x) K OCII a6CIJ;IICC. ,Il;eitCTBHTeJibHO' Ka)K­

,ll;OM TO'IKe M(x, y) rpacf>1IKa cf>yHKIJ;IIII f(x) cooTBeTcTByeT TO'IKa Mi(x, ky) 
rpacf>IIKa k f ( x). Ilo3TOMY Mbl IIOJiyqaeM CJie.n;yroiu;ee rrpaBIIJIO IIOCTpOeHII51 

rpacf>uKa cPYHKIJ;IIH y = kf(x): zparfiu'K: rfiytt'K:V,Uu kf(x) ecm'b pe3yJ1:bmam 
1 

Ci>ICamUJt, zparfiu'K:a rfiytt'K:V,UU f ( x) 'II: ocu a6cv,ucc 6 k pa3 npu 0 < k < 1 u.ttu 

pacm.H,i>ICe'liUJI, zparfiu'K:a rfiyttnv,uu f(x) om ocu a6cv,ucc e k paa npu k > 1. 
Ilpu k < 0 'II: npeo6paaoeattu10 ci>leamu.H, c no:xfxjjuv,uettmoM, pa6'1i'bt.M /k/, 
npucoedu'H,Jl,emc.H, cUMMempu.H, om'liocumeJ1,'b'liO ocu a6cv,ucc (cM. p1Ic. 65). 

y 

0 x 

y = f(x) II y = kf(x) ( k = ~) 

PHC. 65 

rpacf>IIK cPYHKIJ;IIH y = 2x MO)KeT 6bITh IIOCTpoeH KaK pe3yJibTaT paCT51-

)KeHII51 B 2 pa3a rpa¢1IKa cPYHKIJ;IIII y = x (CM. puc. 66) OT oclI a6cu;1Icc. Ha 

p1Ic. 67-69 rrplIBe.n;eHhI rrplIMephl rpacf>1IKOB cPYHKIJ;IIM y = kf(x). 
PaccMaTplIBaH rpacf>HK ypaBHeHIIH f(x, y) = 0 KaK coBoKyrrHOCTh 

rpacf>IIKOB cPYHKIJ;IIH y = cp(x), orrpe.n;eJI.HeMhlX ypaBHeHIIeM f(x, y) = 0, 
rrplIXO,ll;IIM K Bhrno.n;y: zparfiu'K: ypaette'/iU.H, f (x, ky) = 0 ecm'b pe3yJ1,'bmam 



§ 10. PABHOMEPHOE CMATME K OCII ABCIJ;IICC 

y 

y = 2x 

-2 -1 /' 0 
,,' / 

1 2 x 
,' / 

,,' / 1 
,,,'' // -

, ' 

f(x) = x, 

kf(x) = 2x ' ' 
,/ // -2 

PHc. 66 

y 

-1 0 

-1 

y = 2x2 

' j' y~x' 
.,, .. ''' 

1 2 x 
f(x) = x2

, 

kf(x) = 2x2
, 

J(kx) = (J2x)2 

PHc. 67 

47 

cJ1Camu.R Bk paa 'K: ocu a6cv,ucc 2paifju'K:a ypaB'lie'liu.R f(x, y) = 0 npu k > 1 
1 

UJl,U pacm.RJ1Ce'/iu.R 6 k paa npu 0 < k < 1. Ilpu k < 0 'K: npeo6paa0Ba'liu10 
CJ1Camu.R npucoeau'/i.Remc.R cu.M.Mempu.R om'/iocume.fl,'b'/iO ocu a6cv,ucc. 

,.[l;eilcTBHTeJihHO, eCJIH ypaBHeHJfeM f(x, y) = 0 orrpe,D,emi:eTC» ¢YHKr:t:H» 

y = cp(x), TO ypaBHeHHeM f(x, ky) = 0 orrpe,z:i;emreTCH ¢YHKr:t:HH ky = cp(x), 
1 

HJIH y = kcp(x). 
IlpHBe,z:t;eM rrpHMep IIOCTpoeHHH rpa¢nKa ypaBHeHHH x 2 + k 2y 2 = 1,52 

IIpH k = 2 (cM. pHC. 70). IloJiyqeHHaH KpHBaH (pe3yJihTaT C)l(aTHH OKpy)l(­

HOCTH) Ha3hIBaeTCH 3JIJIHIICOM. 
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-3 

1 Yy=­
x 

2 

1 

I 
I 
I 
I 
I 
I .. 
\\ 

'\,,, 

--..................................... _ .. _ 

1 
y = - ------ - 2 -1 0 

x ------------
1 2 3 

--
',,\\-1 

1 
f(x) = ;' 

\ -2 
2 

kf(x) = -, 
x 

I 

PHc. 68 

y 

3 

2 

1 
f(kx) = -1 

2X 

y = 3sinx 

-2 -1 / 0 1 2 
,,,,,'' 

,, 
..... _____ ...... -'' 

-3 

PRC. 69 

J(x) = sinx, 

kf(x) = 3sinx 

x 



§ 11. PABHOMEPHOE C)KATHE K OCH OP)J;l1HAT 

y 

2 x -2 \ -1 0 

x2+4y2=1';~2 -1 

'',,, ______ -"j(x, y) = x2 + y2 - 1,52, 

f(x, ky) = x2 + (2y)2 - 1,52 

Pn:c. 70 

Y rrpIDKHemm 

IlocTpOll:Te rpa¢HKH cPYHKIJ;MM. 
1 

32. y = -2x· 
1 

33. y = -2 - cosx. 

34. y = 2 arcsinx. 

35.y= 1~(x-1)2 . 
IlocTpoll:Te rpa¢HK ypaBHeHm1. 

36. (2y) 2 - x = 0. 

§ 11. PannoMepnoe c:>KaTHe K ocH op,LQIBaT. 
fpaQ>HKH <l>YHK~ f ( x) H f ( kx) 

49 

EcJm Koop,IJ;MHaThI ,zwyx ToqeK M(x,y) H M1(x1,y1) y,n;oBJieTBOp5UOT 

COOTHOIIIeHH£M 

x1 = mx, Y1 = y, 

TO MOJKHO cqHTaTb, qTo TOqKa M 1 rroJiyqeHa rryTeM pacT»JKeHH» a6cu;HCChl 
1 

TOqKH MOT OCH op,n;HHaT B m pa3, eCJIH m > 1, HJIH CJKaTH£ B - pa3, eCJIH 
m 

0 < m < 1 (cM. pHc. 71). EcJIH m < 0, TO K rrpeo6pa30BaHmo cJKaTH» HJIH 

paCT£JKeHH£ c K03¢¢mi;HeHTOM, paBHbIM m, rrpHcoe,n;HH£eTC£ CHMMeTpH» 

OTHOCHTeJibHO OCH op,n;HttaT (cM. pHc. 71). CrrpaBe,n;JIHBO H o6paTHOe yTBep­

JK,n;eHHe: eCJIH KOOp,Il;HHaTHa£ IIJIOCKOCTb rro,n;BeprttyTa CJKaTHIO-paCT£JKeHHIO 

K OCH op,n;HHaT c K03cPcPHu;HeHTOM CJKaTH», paBHbIM m, TO JII06a£ TOqKa 
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y 

M1(x1,Y1) M(x,y) 
1 ----------·-----------------.. 

M1(x1, Y1) 
~;;;------------------------- -------------• M ( x, y) (3) 

-2 -1 0 1 2 3 x 
·-------- ------------------· 

M1(x1, Y1) M(x, y) (4) ·-------- -------.. 
M(x,y) -1 M1(x1,y1) (5) 

-2 

{

x1 = mx, 

Yi= y, 
m= 

Pttc. 71 

3aHhI COOTHomeHlUIMH 
xi = mx, Yi = y. 

(2) 

3 (1), 
1 

3 
-2 

1 
2 

(2), 

(3), 

(4), 

-1 (5) 

IlycTh ToqKa M ( x, y) rrpHHaAJl:e)KHT rpa¢nKy cPYHKil,HH y = f ( x), Tor,n;a 

rpa¢HKY cPYHKil,liH f(kx) ,n;oJI)KHa npnHa,n;Jie)KaTh ToqKa M1 c TaKoli )Ke 

op,n;HHaToli H a6cu;HccoH: x1, ecJIH f(kx1) = f(x), T. e. ecJIH kx1 = x, HJIH x1 = 
1 

= kx. MmKHO cqHTaTh, qTo ToqKa M 1 noJiyqeHa B pe3yJibTaTe paCT5!)KeHHf 

a6cu,HCCbI ToqKH MOT OCH op,n;HHaT B k pa3, ecJIH k > 1, HJIH C)KaTH5! B k 
pa3, ecJIH 0 < k < 1. 

IlpHMeH5!5! 9TH paccy)K,n;eHH5! K mo6oH: ToqKe rpa¢HKa f(kx), npHxo,n;HM 

K cJie,n;yroI.QeMy BhIBo,n;y: 2pa<fiu,,,, <fiytt,,,,v,uu f ( kx) ecm'b peay.11,'bmam c:J1CamuJ1, 
,,,, ocu opauttam 2pa<fiu,,,,a f(x) 6 k paa, ec.11,u k > 1, u.11,u pacmJ1,:J1CettuJ1, om ocu 

1 
opauttam 6 k paa, eCAu 0 < k < 1. Ilpu k < 0 ,,,, npeo6paao6attu10 c:J1Camu.n 

npucoeautt.nemcJ1, cu.M.Mempu.n omttocumM'btto ocu opauttam (cM. pHc. 72). 

B § 10 Mbl paccMaTpHBaJIH rpa¢HK cPYHKil,HH y = 2x KaK rpa¢HK cPYHK­

Il,HH y = kf(x), cqnTa5!, qTo f(x) = x; HO cPYHKil,HIO y = 2x M02KHO paccMaT­

pHBaTb H KaK f ( kx)' ll c 9TOH TOqKH 3peHH5! rpa¢nK cPYHKil,HH y = 2x no­
JiyqaeTC5! B pe3yJibTaTe C2KaTH5! B 2 pa3a KOCH op,n;HHaT rpa¢HKa cPYHKil,HM 

y = x (cM. pHc. 66). Ha pnc. 73-75 npnBe,n;eHhr npHMepbr npeo6pa3oBaHHH 

C)KaTH5! K OCH rpa¢nKOB HeKOTOpbIX cPYHKil,HH. 
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y 

-3 \ -2 
1 

-1 

y=f(kx) 

2 3 

k=2 

Y = f(x) 

4 x 

PHc. 72 

y 

y = sin2x 

',, -3 
'' ...... 

....................... ______ .. 
-1 

y = sinx 

---------.......... ,,, 

1 2 3 '•. x 

f(x) = sinx, 

f (kx) =sin 2x 

PHc. 73 

y 
y = arccosx 
\ 3 

' 

-3 -2 -1 0 

y = arccos(-~) 

1 

x 
, y = arccos 2 
' 

2 3 x 

f(x) = arccosx, 

f ( kx) = arccos ( -i) , 
1 

k=-2 

PRC. 74 

51 
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y 

1 
y = lglOx 

y = lgx 

----------------------------------------------------

0 ,/··"1 2 3 4 5 x 

-1 /' 

Pnc. 75 

fpa¢MKII cPYHK~IIM y = 2x2 (cM. p1IC. 67) II y = 3. (cM. p1IC. 68) TaK)l(e 
x 

,n;onycKaIOT ,n;Bo:i1Hoe TOJIKOBaHMe. B § 10 ::>TM rpa¢MKII paccMaTpMBaJIIICh 

KaK pe3yJihTaT C)l(aTMH-paCT51*eHM51 no OTHomeHMIO K ocM a6c~1Icc. O,n;ttaKo 

cPYHK~IIIO 2x2 MO)l(HO npe,n;cTaBIITh B BII,[\e (xv12)2, T. e. B BII,[\e f(kx), r,n;e 

f(x) = x2. IIoaToMy rpa¢MK ¢YHK~IIII y = 2x2 noJiyqaeTC51 nyTeM C)l(aTM51 
2 

B V2 pa3 rpa¢HKa cPYHK~IIII y = x 2 KOCH op,n;MHaT. <l>yHK~IIIO y = - MO)l(HO 
x 

2 
npe,n;cTaBIITh B BII,[\e y = -1-, T. e. B BII,[\e f(kx); TOr,n;a ee rpa¢1IK TIOJiyqa-

-x 
2 1 

eTC51 nyTeM paCT51)KeHII51 B 2 pa3a OT OCH Op,[\IIHaT rpa¢MKa cPYHK~IIII y = -
x 

(cM. p1IC. 68). 

-2 

y 

2 

-1 

-2 

/1 2 x 

---f~x, y) = x2 + y2 - 1, 

f(kx, y) = (2x) 2 + y2 
- 1 

Pnc. 76 

HeTpy,n;no BII,[\eTh, qTo ,[\JI51 rpa¢MKOB ypaBHeHM51 BM,n;a f (kx, y) = 0 
noJiyqaeTC51 cJie,n;y10rn;ee npaBMJio: 2pa<fiu'K: ypaettettuR f(kx,y) = 0 ecm'b 
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peayJlibmam c:J1Camu.H, e k paa npu k > 1 ipaefiu-x;a ypaettettU.H, f(x, y) = 0 
1 

-x; ocu opouttam UJ/,U pacmJ1,:J1CettuR e k pa3 npu 0 < k < 1 om ocu opou-

ttam ipaifiu-x;a ypaettettU.H, f(x, y) = 0. EcJ/,U k < 0, mo -x; npeo6paaoeattu10 
c:J1CamuJl npucoeoutt.H,emc.H, cu.M.Mempu.H, omttocumM'btto ocu opouttam. 

B KaqecTBe rrpiIMepa rrpirne,n;eH rpa¢IIK ypaBHeHmI (2x)2 + y2 = 1 
(CM. pIIC. 76). 

IIocTpOll:Te rpa¢IIKII cPYHKD;IIii. 
x 

37. y = tg 3· 
38. y = arctg x. 
IIocTpOiiTe rpa¢IIK ypaBHeHIIH. 

39. y 2 - 2x = 0. 

§ 12. foMOTeTIDI OTHOCHTeJibHO Ha'lan:a KOOp,ll,HllaT. 

fpaq>HKII $ymm;uii: f ( X) H k f ( ~) 

KaK II3BeCTHO, rrpeo6pa3oBaHIIe roMOTeTIIII c u;eHTpOM B TO'IKe 0 II KO­

a¢¢mi;IIeHTOM rOMOTeTIIII k MO:>KHO paccMaTpIIBaTb KaK rrpOII3Be,n;eHIIe ,Ll;BJX 

oceBbIX C)KaTIIM c O,Ll;IIHaKOBbIMII Koa¢¢IIu;IIeHTaMII OTHOCIITeJibHO B3aIIMHO 

rreprrett,n;IIKYJIHpHbIX II rrepeceKaIOITJ;IIXCH B TO'IKe 0 ocell:. 

-1 

y 

2 
M(x, y) 

M - - : (
x Y) : 1 1

X
2
i rM' (x, ~) 

0 1 

-1 

2 3 
M(x,y), 

M1(kx, ky) 

PRC. 77 

x 

,Il;eiicTBIITeJihHO, rrycTb OCH OX II OY cJiy:>KaT ocHMII c:>KaTIIH c paBHhIMII 

Koa¢¢IIu;IIeHTaMII k. Tor,n;a B pe3yJihTaTe c2Kanrn K ocII a6cu;IIcc TO'IKa M 
rrepell:,n;eT B TO'IKY M' (cM. pIIc. 77), a TO'IKa M' B pe3yJihTaTe c:>KaTIIH K ocII 

op,L1;IIHaT rrepell:,n;eT B TO'IKY Mi. 
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KaK HeTpy,IT,Ho ,n;OK83aTh, T0'1KH M H M 1 ,n;oJDKHbl Jie.>KaTb Ha rrp.H­

MOH, rrpoxo,n;.Hrn;ei\ 11epe3 T011KY 0' a OTHOIIIeHHe paCCTO.HHHit OT 3THX TOl'.JeK 

,n;o T0'1KH 0 paBHO Ko3<P<Pm:~HeHTY c.>KaTH.H. MMeHHO TaKHMH caoii:cTBaMH 

,n;oJI.>KHa o6Jia,n;aTh T011Ka M1, ecJIH Ha rrJIOCKOCTH ocyrn;ecTBJieHa roMoTeTH.H 

c n;eHTpOM B Hal'.JaJie KOOp,ll;HHaT H K03cPcPHn;tteHTOM roMOTeTHH k H T011Ka 

M 1 cooTBeTCTayeT T011Ke M. 

-3 \ -2 
', 
', ....... ___ ,, 

y 

1 

-1 

PHc. 78 

y = f (x) 

2 3 4 x 

y = f(x), 

y = kf(~), k=! 
2 

PacCMampuea.n, 2parjJu?C rPY'H,?CV,UU k f ( ~), .M'bt npuxodU.M 'IC 6'bt6ody, "imo 

ott npeiJcmae.11,.n,em co6ou peay.11,'bmam 20.Momemu"itto20 npeo6paaoeauua 2pa­
rfiu?Ca <fiyu?Cv,uu f(x) c v,eumpo.M 20.Momemuu 6 tta"ia.11,e ?Coopduuam u ?Cm<Jj­
<fiuv,ueumo.M 20.Momemuu k. 

,Il;eiicTBHTeJihHO, rrycTh rpa<l>HKY cPYHKTI;HH f ( x) rrpHHa,n;Jie.>KHT T0'1Ka Jvf; 

TOr,LI,a rpa<l>HKY cPYHKTI;HH kf ( ~) ,LI,OJI.>KHa rrpHHa,n;Jie)KaTb T0'1Ka Mi (x1, Y1), 
ecJIH x 1 = ~' a Y1 = ky. TaKHM o6p83oM, Ka)K,ll;ofi T011Ke M rpa<l>HKa f(x) 

cooTBeTCTayeT T0'1Ka M 1 rpa<l>HKa <l>YHKTI;HH k f ( ~) , roMoTeTH'1Ha.H T0'1-

Ke M OTHOCHTeJibHO Ha11aJia KOOp,LI,HHaT, rrpH11eM K03cPcPHTI;HeHT roMOTeTHH 

paBeH k. 
1ia pHC. 78 H 79 rrpe,LI,CTaBJieHbl rpa<l>HKH cPYHKTI;Hfi f(x) H kf (~) rrpH 

k = 2 H k = 2. EcJIH k < 0, TO HMeeT MeCTO oTpHn;aTeJibHa.H roMoTeTmr, HJIH 

rOMOTeTH.H c K03cPcPMTI;HeHTOM, paBHbIM lkl, H c IIOCJie,D,yrorn;efi n;eHTpaJibHOH 

CHMMeTpHeii: OTHOCHTeJibHO n;eHTpa roMOTeTHH (cM. pnc. 80). 
MHTepecHo 3aMeTHTh, 'ITO ace rrapa6oJihI BH,n;a y = kx2 

roMoTeTH'IHbI 

OTHOCHTeJibHO Ha'IaJia KOOp,11.HHaT, IIOTOMY 'ITO cPYHKTI;HIO kx2 
MO.>KHO rrpe,n;-

1 
CTaBHTb B BH,n;e k ( kx )2

. 
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',, -3 

-3 -2 

1 
y = -- lg(-2x) 

2 

y 

2 

1 

-1 

. x 
y = 2sm 2 

_,,-----------~ = sin x 

•,,,'',,, 

1 2 3 •,_ x 

f(x) = sinx, 

-2 
kf (I)= 2sini, 

Pnc. 79 

y 

2 

1 

k=2 

y = lgx 
...... ------------------· 

--
2 3 x 

f(x) = lgx, 

kf (f) = -~ lg(-2x), 
-2 

Pnc. 80 

1 
k= -2 

k 
ToqHo TaK :JKe Bee paBHOCTopoHmm nmep6oJihI y = - roM0Ten1qnh1 

x x 1 
c Ko3¢qrn::u,nenTOM rOMOTeTMM v'J;, (k > 0), IIOTOMY qTQ k = v'J;,-1-. 

-x 
vfk 

Ifa roMoTeTnqHoCTM cJie,n;yeT 110,L1;06ne; CTaJio 6bITh, Bee rrapa6oJihl no-

,z:i;o6HbI ,z:i;pyr ,z:i;pyry, H Bee paBHOCTOpOHHMe rnrrep60Jibl TaK:JKe no,z:i;o6Hbl*). 

IlpnBe,z:i;eM rrpnMepbI rOMOTeTnqHOro rrpeo6p830BaHml rpa¢MKOB cPYHK­

ll,HM (cM. pnc. 79, 80). 

*) IlocJie,!Vfee 3aKJIIOqemrn HeJib3SI C'IHTaTh CTporo o60CHOBaHHbIM: npe,n;meCTBYIOIIIliM:li 

paccy:iK,n;eHRSIM:R . .Il.JISI cTpororo o6ocHoBaHHSI HY:lKHhI cBe,n;eHRSI H3 § 17 (Bpa1IIeHne). 
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Ilo OTHOmemuo K rpaq:rnKaM ypaBHem1ii Mbl rrpHXO)J,HM K CJie,rzy101rreMy 

Bhrno,rzy: 2parfiu-x; ypae'He'HuR f(kx, ky) = 0 ecm'b peayA'bmam 20Momemu"i­
'H020 npeo6paaoea'HUR 2parfiu-x;a ypae'He'HUR f (x, y) = 0 c u,e'Hmpo.M e 'Ha"iaAe 
-x;oopiJu'Ham u -x;o3rfirfiuu,ue'Hmo.M 20.Momemuu k. 

0 ', 3 4 x 

~: ., ···--··--···----·--··--...... ____ _ 

f ( x' y) = y2 
- x' 

f(kx, ky) = (2y) 2 
- 2x = 2y2 

- x 

Pnc. 81 

)J;eitCTBHTeJibHO, rryCTb y = cp(x) - O,D,Ha H3 <l>YHKIIHM, orrpe,n,em1eMbIX 
ypaBHettHeM f(x, y) = O; Tor,n,a ky = cp(kx) - ¢yttKIIHH, orrpe,n,eJIHeMaH 

1 
ypaBHettHeM f(kx, ky) = O; HO ecJIH ky = cp(kx), TO y = kcp(kx), a 3TO eCTh 

1 
ycJIOBHe rOMOTeTHqHOCTH rpa¢HKOB cp(x) H kcp(kx) c K03¢¢HIIHeHTOM 

1 
rOMOTeTHH k. 

Ha pHc. 81 rrpe,n,cTaBJietta roMoTeTHH rpa¢nKa ypaBHeHHH y2 - x = 0 

G=~, k=2). 

YrrpIDKHemm 

IlocTpOiiTe rpa¢HKH <l>YHKIIHM. 
1 

40. y = - 2 arccos(-2x). 

:0-2 x 
41. y = 2---r = 2. 22. 

IlocTpOiiTe rpa¢HK ypaBHeHHH. 

42. 2x2 + 2y2 = 1. 



§ 13. PABHOMEPHOE C:lli:ATHE K IIP5IMOti: 

§ 13. PaBHOMepeoe c:>KaTHe K npaMoii, rrapaJIJieJiheoii ocH opAHHaT. 

fpa$HKH <i>Y~ f(x) H f(kx + b) 

57 

IlycTh Ha KOOp,n;1rnaTHOH IlJIOCKOCTM 3a,n;aHa npSIMaSI x = a, napaJIJieJih­

HaSI OCH op,n;HHaT. 

y 

X1 - a 
,..........,,.. M1(x1,Y1) 

------------- -------------·----------· 
__________.. M(x,y) 

x-a 

0 x 

{ 

x-a 
X1-a=-k-' 

Y1 = Y 

x=a 

Pn:c. 82 

PaccMOTpHM Koop,n;n:HaThI TOqKH M(x, y) H Koop,n;n:HaThI ToqKH 

M1(x1,y1), B KOTopyro nepefi,n;eT ToqKa M, ecJIH no,n;BeprHJTh Koop,n;n:HaT­

HYIO TIJIOCKOCTh c:>KaTHIO (HJIM pacTSI:>KeHn:ro) c Koa¢qm:u,HeHTOM k (k-:/- l)*l 
K npSIMOH x =a (cM. pHc. 82). 0THOIIIeHHe paccTOSIHHH OT ToqeK M H M1 

,11;0 OCH C:>KaTHSI ,il;OJI:>KHO 6bITh paBHO K03cPcPHIJ,MeHTY C:>KaTHSI; op,n;HHaTbI 

ToqeK M H M1 paBHhI. MhI np.rrxo,n;n:M K cJie,n;yIOil!HM cooTHOIIIeHMSIM: 

{ 
x1 - a= ~(x - a), 

Y1 =y, 

{ 

_ x - a(l - k) 
X1 - k , 

Y1 = Y· 

HJIH 

Ilpn: 3TOM eCJIH k > 1, TO HMeeT MeCTO C:>KaTHe K OCH x =a, a npn: 

0 < k < 1 - pacTSI:>KeHHe OT OCH x = a. 
B KaqecTBe ynpa:>KHeHHSI npe,n;JiaraeM qHTaTeJIIO y6e,n;n:ThCSI B TOM, qTo 

YKa3aHHhie COOTHOIIIeHHSI Me:>K,n;y X1 H x He H3MeHSIIOTCSI npn: pa3JIHqHhIX no­

JIO:>KeHHSIX ocH c:>KaTHSI (a> 0, a< 0). EcJIH cHaqaJia npoH3B0,11;MTCSI c:>KaTn:e­

pacTSI:>KeHHe OTHOCHTeJihHO OCH x = a, a 3aTeM CHMMeTpHSI OTHOCHTeJibHO 

3TOH :>Ke OCH, TO K03cPcPHIJ,HeHT k Ha,n;o cqHTaTh OTpHIJ,aTeJihHhIM. 

•lrrpn k = 1 HMeeT MeCTO rrapa.rrJieJibHhIH rrepeHOC. 
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O'Iemv:i;Ho, cnpaBe,n;JIHBO H o6paTHoe YTBep)K,ll,eHHe, a HMeHHO: ecJIH Ko­

op,n;HHaThI ,n;Byx TO'IeK M(x, y) H M1(xi, y1) CB.H3aHw cooTHorneHHRMH 

{ 

_x-a(l-k) 
X1 - k , 

Y1 =y, 

TO MOJKHO C'IHTaTh, 'ITO TO'IKa M 1 noey'IeHa B pe3yJihTaTe c2KaTH.H-paCTR2Ke­

HH.H KOCH x =a, npH 3TOM eCJIH k > 1, TO HMeeT MeCTO C2KaTHe; eCJIH 0 < k < 
< 1 - paCTR2KeHHe, a npH k < 0 K npeo6pa3oBaHHIO C2KaTHR-paCT.H2KeHH.H 

c K03cPcPHIJ;HeHTOM, paBHhIM !kl, npHCOe,LJ;HHReTc.H CHMMeTplrn OTHOCHTeJihHO 

OCH X =a. 
IlycTh TO'IKa M ( x, y) npHHa,n;Jie2KHT rpa<i>HKY cPYHKI:i;HH f ( x), Tor,n;a rpa­

cPHKY f(kx + b) ,n;oJI2KHa npHHa,n;Jie2KaTh TO'IKa M 1 c TaKoil: 2Ke op,ll,HHaToil: 

H a6CI:i;HCCOH X1, ecJIH f(kx1 + b) = f(x), T. e. eCJIH kx1 + b = x, HJIH 

x-b 
X1 =-k-. 

PaBeHCTBO (1) npeo6pa3yeTCR K BH,ll,Y 

b 
x - l=k(l - k) 

X1 = k 

CpaBHHBaR cooTHorneHHe (2) c <t>opMyJioil: 

x-a(l-k) 
X1 = k , 

(1) 

(2) 

npHXO,ll,HM K BhIBO,lJ,Y, 'ITO B TO'IKY Mi nepexo,n;HT TO'IKa M B pe3yJihTaTe 
b 

npeo6pa3oBaHH.H C2KaTHR-pacTR2KeHHR K ocH x = 
1 

_ k. Harne paccy2K,n;eHHe 

npHMeHHMO K JII06oil: TO'IKe rpa<i>HKa cPYHKI:i;HH f(x), Il03TOMY Mhl npHXO­

,Il;HM K cJie,n;yron:i;eMy BhIBO,lJ,Y: 2parfiu'K: rfiyuK:u,uu f ( kx + b) ecm'b peay.11,'bmam 
b 

c:J1CamuR-pacmR:J1CettuR 2parfiuK:a rfiyuK:u,uu f (x) 'K: ocu x = 
1 

_ k c K:o3<ji-

rfiuu,ueumo.M c:J1CamuR-pacm.R,:J1CettuR, pa6tt'bt.M k, npu"ie.M npu k > 1 U.Meem 
.Mecmo c:J1Camue, npu 0 < k < 1 - pacmR:JICeuue, a npu k < 0 'K: npeo6-
paa0Battu10 c:J1CamuR-pacm.R,:J1CettuR npucoeauuRemcR cu.M.MempuR omuocu-

b 
me.11,'btto ocu x = 

1 
_ k (cM. pHc. 83). 

PaccMOTpHM <i>YHKIJ;HIO y = 2x + 1: ecJIH C'IHTaTh, 'ITO f(x) = x, To 

cPYHKIJ;HIO 2x + 1 M02KHO npe,n;CTaBHTh KaK f(kx + b), r,n;e k = 2, b = 1. 
Tor,n;a rrocTpoeHHe rpa<i>HKa TaKoil: <i>YHKI:i;HH M02KHO ocyn:i;ecTBHTh, noJih-

3YRCh c<t>opMyJIHpoBaHHhIM Bhime npaBHJIOM, paCCMaTpHBa.H ee rpa<i>HK KaK 
b 

pe3yJihTaT C2KaTHR B 2 pa3a rpa<i>HKa y = x K OCH x = 1 - k ' T. e. x = -1 
(cM. pHc. 84). 
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b 
x=l-k 

\ -2 

x = -1 

y 

0 

-1 

y 

-1 

-2 

f(kx + b) y = f(x) 

1 2 3 4 x 

y = f(x), 

y = f(kx + b), k = 2, b = 1 

Pnc. 83 

y = 2x + 1 

1 2 x 

f(x) = x, 

f ( kx + b) = 2x + 1, 

k = 2, b = 1, 
ypaBHeHife OCH CMaTnH: 

b 
x=--· x=-1 

1- k' 

Pnc. 84 

59 

Ilpn: IJOCTpOeHHH rpa<}>HKOB <l>YHKIJ;Hll J(kx + b) CHaqa.na CTpOHTCH rpa-

b 
<}>nK <l>YHKIJ;HH f ( x)' 3aTeM rrpOB0,11,HTC.H OCh CMaTH.H ( rrp.HMa.H x = 1 - k). 

To'IKH rrepeceqeHH.H rpa<}>n:Ka <}>yHKIJ;HH f ( x) c OChIO CMaTH.H OCTaIOTC.H Herro­

,11,BHMHhlMU:. 3aTeM ,lJ,JUf oT,n;eJibHhIX TO'IeK rpa<}>n:Ka <l>YHKIJ;HH f (x) CTpo­

RTCR COOTBeTCTBYIO~He HM TO'IKH rrpu 3a,n;aHHOM K09<}><}>nn;ueHTe CMaTHH­

paCTRMeHH.H. 

IlpHB0,11,HMhie HHMe rrpn:Mepbl IJOCTpOeHHR rpacPHKOB (cM. pnc. 85, 
86, 87) CJie,n;yeT BHHMaTeJibHO paCCMOTpeTb c TO'IKH 3peHH.H npn:MeHeHH.H 

rrpaBHJia ,n;mI IIOCTpOeHHH rpa<}>HKOB <l>YHKIJ;H:H f ( kx + b). 
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b 
x= --

k 
1 

X= --
2 

y 

2 
y = 2x + 1 

// /y=x 
/ / 

_,/ / 
,/ / 

,-' / 
/ / 

-2 -1 / i / 0 
///( 

1 2 

f(x) = x, 

x 

,/ !-1 
/ /. i 
/ i f(kx+b)=2x+l 

i-2 
Pnc. 85 

y 

y=(2x-1)2 

. . . . . . . 
y~x'\\ 

'\ ........ 

-2 -1 0 

-1 

, , , , , , , , , , 

! / f(x) = x 2
, 

', 
:'J(kx + b) = (2x -1)2 , 

k=2,b=-1 

2 x 

b 
YpaBHemie ocM c:a<aTMSI: x = --; x = 1 

1-k 

Pnc. 86 

Ilepexo,r:i;sr K ypaBHeHMSIM Bn,n,a f(kx + b, y) = 0, rroJiy'!aeM cJieeyrom.ee 

rrpaBMJIO ,ll,JISI IIOCTpOeHMSI rpaci>HKOB TaKMX ypaBHeHMii, eCJIM rpaci>MK ypaB­

HeHMSI f(x, y) = 0 3a,n,aH. 

I'pa<fiui. ypaBtte'Hu.R f(kx + b, y) = 0 ecm'b pe3yJ1,'bmam c:>1eamu.R­
b 

pacm.R:>1eettU.R i. ocu x = 
1 

_ k 2pa<fiui.a ypaB'Hettu.R f ( x, y) = 0 c i.o3<fi-

<fiuv,ue'Hmo.M c:>1eamu.R-pacm.R:>1ee'HU.R, pa6'H'bt.M k. Ilpu 3mo.M eCJ1,U k > 1, 
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mo u.Meem .Mecmo ci>/Camue e k paa, eCJ1,u 0 < k < 1 - pacmRi>/Ce'/-f,ue e k 
paa. Ilpu k < 0 -x: npeo6paaoea'/-f,U'/O ci>/CamuR npucoeau'/-f,RemcR cu.M.MempuR 

om'/-f,ocume.11:b'/-f,O ocu ci>/CamuR ( x = 
1 
~ k) . 

Ha pHc. 88 rrpHBe,r:i;eH rrpHMep TaKoro rrpeo6pa30Battm1 ypaBHeHHH 
x2 +y2 = 4. 

f(x) = sinx, 

f(kx + b) = sin(-2x + 1), 
y :x- ~ 
1 i - 3 

l <-;...-···-----... y = sin x 
i /,/ \ ·-••• 
'/ \ ·-.. 

0 /: ·-

k = -2; b = 1 

. ,-3 
x 

YpaBHeHHe ocH C)KaTirn 

H OCH CHMMeTpHH: 

b 1 
x=--·x=-

1- k' 3 

PMc. 87 

y f(x)=x2+y2-4, 

? ... f(kx +by) = (2x + 1)2 + y2 
- 4 = 

................ 
, ·-

x = -1 

// ·-.. \ = 4x2 + 4x + y2 - 3 = 0, 

k = 2, b = 1 
(2x + 1)

2 + y2 
- 4 7{i \ 
~------1------e--I-----....___.., 

-2\ 
x2 + y2 = 4\\ 

'• ·-

x 

b 
YpaBHeHHe ocH C)KaTm1: x = --k; x = -1 

1-

PMc. 88 

rpa¢HK <i>YHKIJ;HH j(kx + b) MO)KHO paCCMaTpHBaTh H C ,rr,pyroii TO'IKH 

3peHHH. TaK KaK f(kx + b) = f[k(x + ~)], rpa¢HK -f(kx + b) MO)KHO 
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cqHTaTh pe3yJihTaTOM rrapaJIJieJihHOro rrepeHoca rpa¢HKa <i>YHKIJ;HH f ( x) 

B,ll;OJib OCH a6cu;Hcc Ha 0Tpe30K l~I (coOTBeTCTBeHHO BrrpaBO HJIH BJieBO 

b 
B 3aBHCHMOCTH OT 3HaKa k) H IIOCJie~IO:rn;ero C)Kanrn:-paCTSDKeHmI c KO-

b 
3¢¢Hu;HeHTOM k K OCH x = - k. 

cha BTOpaSI TOqKa 3peHHSI Mettee y,n;o6Ha ,ll;JISI IlOCTpOeHHSI rpa¢HKOB, 

TaK KaK Tpe6yeT ,n;Byx npeo6pa3oBaHim ( rrapaJIJieJibHoro rrepeHoca H oceBoro 

C)KaTHsr). Ha pHc. 85 noKa3aHo nocTpOeHHe rpa¢HKa <i>YHKIJ;HH y = 2x + 1 
TaKHM crroco6oM. 

YnpIDKHellWI 

IIocTpoliTe ,n;ByMsr cnoco6aMH rpa¢HKH cJie~IOIIJ;HX <i>YHKIJ;Hli. 
2 1 

43. y=-- =-x-· 
x-2 --1 

2 
44. y = arccos(2x + 1). 
IIocTpoliTe rpa¢HK ypaBHeHHSI. 

45. y 2 - 3x + 1 = 0. 

§ 14. PaBHoMepaoe cX<aTue K npsnmii, napaJIJICJlbHoii ocu a6cD,Hcc. 
fpaqnnrn cl>yHKil,Hii f ( x) H m f ( x) + p 

IlyCTb Ha KOOp,ll;HHaTHOll IIJIOCKOCTH 3a,n;aHa rrpsrMaSI y = a H BhIIlOJIHeHO 

rrpeo6pa30BaHHe C)KaTHSI-paCTSI)KeHHSI IIJIOCKOCTH KOCH y =a c Ko3¢¢Hu;H­

eHTOM k. Tor,n;a npoH3BOJihHasr ToqKa M(x, y) ITJIOCKOCTH nepe~eT B ToqKy 

M 1 ( x 1 , y1 ) (CM. pHc. 89), npHqeM OTHomeHHe paccTOSIHHli OT ToqeK M1 H M 
,n;o OCH C)KaTHSI ,ll;OJl)KHO 6bITh paBHO K03¢¢Hu;HeHTY C)KaTHSI-paCTSI)KeHHSI. 

TaKHM o6pa30M, Koop,n;HHaThI ToqeK M1 H M CBSI3aHhl cooTHomeHHSIMH 

{ 

X1 = X, 

Y1 - a= k(y - a), 
HJIH 

{ 

X1 = X, 

Y1 = ky + a(l - k), 

r,n;e k - K03¢¢HIJ;HeHT C)KaTHSI-paCTSI)KeHHSI. IlpH 3TOM eCJIH k > 1, TO HMeeT 

MeCTO paCTSI)KeHHe B k pa3 OT OCH y = a, eCJIH )Ke 0 < k < 1, TO HMeeT 
1 

MecTo C)KaTHe B k pa3 KOCH y =a. EcJIH k < 0, To K C)KaTHID-pacTsr)KeHHIO 

c K03¢¢Hu;HeHTOM lkl npHcoe~HSieTCSI CHMMeTpHSI OTHOCIITeJibHO OCH y =a. 
CrrpaBe,D;JIHBO H o6paTnoe YTBep)K,ll;eHHe, a HMeHHo: ecJIH Koop,n;HHaThI 

,n;Byx ToqeK M ( x, y) H M 1 ( x 1 , y1 ) cBsr3aHhl coOTHomeHHSIMH 

{

X1 =X, 

Y1 = ky + a(I - k), 
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TO MO)KHO C'lliTaTb, 'ITO TO'!Ka M1 rroJiyqeHa KaK TO'!Ka, COOTBeTCTBYID­

Illaa TO'!Ke M, B pe3yJihTaTe C)KaTHa-pacTa)KeHHa Koop.z:t;HHaTHOH ITJIOCKO­

CTH KOCH y =a. IlpH 9TOM ecJIH k > 1, TO HMeeT MeCTO pacTa)KeHHe Bk pa3, 
1 

eCJIH 0 < k < 1, TO C)KaTHe B k pa3. 

y 
M1(x1, Y1) 

3 

1 
2 !M(x, y) 

1 
y=a 

-2 -1 0 2 3 x 

-1 r~x, 
Y1 - a 
---=m 
y-a 

PHc. 89 

EcJrn: TO'!Ka M ( x, y) rrp1rna,n;Jie)KHT rpacpHKY cPYHKII,HH f ( x), TO, O'leBH.z:t;­

HO, TO'!Ka M1 ( X1, Y1) ,z:t;OJl)KHa rrpHHa,z:t;Jie)KaTh rpa¢HKY cPYHKIJ;HH mf ( x) + p 
rrpH X1 = x H Y1 =my+ p. Ho Y1 =my+ p MO)KHO rrpe,n;cTaBHTh B BH,z:t;e*l 

Y1 =my+ 1 ~ m (1- m). 

Terrepb acHo, 'ITO B TO'IKY M1 ,z:t;OJI)KHa rrepeil:TH TO'!Ka M B pe3yJihTaTe 

rrpeo6pa30BaHHH C)KaTHa-pacTa)KeHHH KOOp,z:t;HHaTHOH ITJIOCKOCTH KOCH y = 
= -1 p ' rrpH'IeM eCJIH m > 1, TO HMeeT MeCTO paCTH)KeHHe OT 9TOH OCH B m 

-m 1 
pa3, a eCJIH 0 < m < 1, TO C)KaTHe B - pa3 K 9TOH )Ke OCH. 

m 
TaKHM o6pa3oM, 2parfiun rfiyttnv,uu mf(x) + p ecm'b pe3y.11,'bmam npeo6-

pa3o6attuR c;J1CamuR-pacmR;J1CettuR 2parfiuna rfiyttnv,uu f (x) 'Ii: ocu y = 
1 
~ m, 

npu"ie.M eC.11,u m > 1, mo u.Meem Mecmo pacmR;J1Cettue, eC.11,u 0 < m < 1 -
C;J1Camue. EC.11,u ;J1Ce m < 0, mo 'Ii: npeo6pa306attuw C;J1CamuR-pacmR;J1CettuR 
c 1w3ffefiuu,uettmo.M, pa6tt'bt.M lml, npucoeautt.R,emcR cu.M.MempuR omttocu­
mM'bttO OCU y = -

1 
p . 
-m 

Ha pHc. 90 rrpHBO,z:t;HTCa rrpHMep rrocTpoeHHa rpa¢HKa cPYHKIJ;HH 

mf(x)+p. 

•)Mb! C'IHTaeM, 'ITO m =I 1. Ilpn: m = 1 ITOJry'IHM napa.rrJieJibHblH nepeHOC, pacCMOTpeH­

HblH B § 7. 
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y 

y= f(x) 
2 ,,,,,, .. -

//y = mf(x) + p 

/ 1 ........... ___ ,,,'' 
I p 

------------------------ ------- -----------------------------------------------------· y = 1 - m 

-1 

-2 

1 2 3 4 x 

f(x) H mf(x) + p, 

Y = 1 ~ m (P = i' m = ~) 

PHc. 90 

y 
y = 2x + 1 

;Y = 2x 

I ,y = x 

/~,/// 
.,~,,,' 

1 2 x 
f(x) = x, 

mf(x) + p = 2x + 1, 
ypaBHeHHe OCH C2KaTm1: 

y= _P_; y=-l 
1-m 

PHc. 91 

3aMeTHM, qTo B03M02KHa .n;pyraH TOqKa 3peHH5I Ha rpa<i>HK <i>YHKIJ;HH 

mf(x) + p. TaKoli rpa<i>HK M02KHO paccMaTpHBaTb KaK pe3yJibTaT C2KaTHH­

paCTH2KeHHH rpa<i>HKa <i>YHKD;HH f(x) K OCH a6cn;HCC H IIOCJie.n;yrorn;ero rra­

paJIJieJibHOro rrepeHoca B,ll;OJib OCH op,n;HHaT. 

B rrpaKTHKe rrocTpoeHHH rpa<i>HKOB rrpe.n;rroqTHTeJibHeii rrepBM TOqKa 

3peHHH, Tpe6yrorn;aH Bcero JIHillb O,n;HOro rrpeo6pa30BaHH5I (pa3yMeeTCH, 

IIOCJie rrpe,n;BapHTeJihHOro ycTaHOBJieHHH OCH C2KaT.H5I-paCT5I2KeH.H5I). ,ll,JIH 

HJIJIIOCTpan;HH 3THX ,ll;BYX crroco6oB rrpHBO,n;HTCH p.Hc. 91, Ha KOTOpOM y2Ke 

BCTpeqaBmHMCH rpa<i>HK <i>YHKIJ;HH y = 2x + 1 CHOBa CTpOHTCH ,ll;BYMH 

crroco6aMH. 
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y 

2 

1 

-1 
0\ x 

',,___ 2(y - 1)2 - x = 0 
-1 ......... 

-2 , c,, :;:·::·:·:·:·o:· 
f(x, my+ p) = (2y- 1)2 

- x, p = -1, m = 2, 
p 

ypaBHemre OCH C.>KaTHH: y = 1 - m ; y = 1 

PHC. 92 

65 

PaccMoTpHM Terrepb Borrpoc o rpa<i>HKe ypaBHeHHH BH,n;a f(x, my+ p) = 
= 0. EcJIH ypaBHeHHeM f(x, y) = 0 orrpe,n;eJIHeTCH <i>YHKIJ;Irn y = <p(x), TO 

ypaBHeHHeM f (x, my+ p) = 0 orrpe.n;emreTcH <i>YHKn;:irn my+ p = cp(x ), T. e. 

y = 2-<p(x) - !!.... 
m m 

fpa<i>HK TaKoii <i>YHKD;HH MO.>KHO paccMaTpHBaTb KaK pe3yJibTaT 

rrpeo6pa30BaHHH C.>KaTHH-paCTH.>KeHHH rpa<i>HKa <i>YHKIJ;HH <p(x) K OCH 
p 

-- p 1 
y = ~ = -1-- c Koa<i><l>Hu;HeHTOM C.>KaTHH-paCTH.>KeHHH, paBHbIM -. 

1-- -m m 
m 

TaK KaK COBOKYIIHOCTb rpa<i>HKOB Bcex <i>YHKIJ;HH <p( x), orrpe,n;eJIHeMbIX 

ypaBHeHHeM f(x, y) = 0, CJIY.>KHT rpa<i>HKOM caMoro ypaBHeHHH f(x, y) = 0, 
Mbl rrpHXO,ll;HM K CJie,n;yroin;eMy BbIBO,n;y: zpa<fJU'X', ypamW'HUJI, f(x, my+ p) = 0 
ecm'b peay,//,'bmam caicamuJl-pacmJlaicettuJl zparfiu""a ypaBtte'HUJl f(x, y) = 0 

p 1 
"" ocu y = -1-- c ""o3rj'Jrfiuv,uettmoM, pa6tt'btM -, npu"ie.M eC,//,U m > 1, 

-m m 
mo u.Meem .Mecmo caicamue, a ec,//,U 0 < m < 1, mo pacmJlaicettue, a npu 
m < 0 "" npeo6paa0Battu10 caicamuJl-pacmJlaicettuJl c ""oarfirfiuv,uettmoM, paB-

'H'btM I ! , , npucoeau'HJlemcJl CUMMempuJl omttocume,//,'b'HO ocu y = 
1 
~ m. 

IlpHBe,n;eM Terrepb rrpHMep IIOCTpOeHHH rpa<i>HKa ypaBHemrn BH,n;a 

f(x,my+p) = 0. B KaqecTBe ypaBHemrn f(x,y) = 0 paccMaTpHBaeTCH 

ypaBHeHHe y2 - x = 0. HoBoe ypaBHemre: (2y - 1)2 - x = 0 (cM. pHc. 92). 
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II p1rne.n,eM rrpHMepbI rrocTpoeHH.H rpaqmKOB cPYHKII,Mtt BM.n,a m f ( x) + p 
(CM. pHC. 93, 94). 

-2 

f(x)=x 2
, 

y 

3 

-1 

mf(x + p) = -2x2 + 3, _
2 

m= -2,p= 3 

. . 
j y = x2 
I I 
/1 

/1 

2 x 

y = -2x2 + 3 

ypaBHeHHe OCH C:>KaTHSI: 

y= _P_; y= 1 
1-m 

PRC. 93 

y 

f(x) = cosx, ypaBHeHHe OCH C:>KaTHSI: 

1 
mf(x) + p = 2 cosx -1, 

2 y = 1 ~ m; y = -2 

1 1 
m= 2,p=-1 

-2 

------ y = cos x 
-----••• __ 2 

-3 ,/// 
__ ,. _ _. ... '' 

-1 0 1 ·· ... __ _ 

'• ................. 

3 x 

-1 
1 

y = 2 cosx - 1 
----------------------------·-----------------------------------y=-2 

PRC. 94 

YnpIDKHeHWI 

IlocTpoii:Te rpa¢HKH cPYHKII,Mll (.TI.BYMSI crroco6aMH). 
1 

46. y = 2x -1. 
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47. y = 2 arcsinx - 1. 
IlocTpOHTe rpacpHK ypaBHeHHH. 

48. (2y + 1)2 + x2 = 4. 

§ 15. JlHHe:iim.Ie npeo6pa3ouamm: apryMeHTa H «PY~· 
fpacl>mm cl>yHKQHii f(x) H mf(kx + b) + p 

B § 13 H 14 6hIJIH paccMOTpeHhI oT,n;eJihHO JIHHeHHhie rrpeo6pa3oBamrn ap­

ryMeHTa (f(kx + b)) H mrneilHhie rrpeo6pa3oBaHJrn cpyHKIIHH (mf(x) + p). 
0Ka3aJIOCh, 'ITO rpacpHKH COOTBeTCTBYIOIIIHX cpyHKIIHH rrpe,n;cTaBJIHIOT co-

6ott pe3yJihTaTbl C)l(aTH5I-paCT5I:JKeHH5I rpacpHKOB cpyHKIIHH f(x) K rrpHMhIM, 

rrapaJIJieJibHhIM OCHM KOOp,n;HHaT. 

TaKHM o6pa3oM, MhI rrpHXO,IJ;HM K cJie,n;yro111eMy Bhrno,n;y: zparjiu'K: 
<fiytt'K:V,UU mf(kx+b) + p (m -:f. 1, k -I- 1) ecm'b pe3yJ1,'bmam ci>/Camu.R,­

b 
pacm.R,i>/Cettu.R, zparjiu'K:a <fiytt'K:V,UU f(x) "' ocu x = 

1 
_ k u nocMay10w,e20 

ci>/Camu.R,-pacm.R,i>/Cettu.R, zparjiu'K:a <fiytt'K:V,UU f ( kx + b) "' ocu y = 
1 

.!. m. 

IlpH ,n;pyroM IIOpH,n;Ke rrpeo6pa3oBaHHH CHa'!aJia CTpOHTCH rpacpHK 

cpyHKIIHH <p(x) = mf(x) + p, T. e. rrpOH3BO,IJ;HTC5I C:JKaTHe-paCTH:JKeHHe rpa­

cpHKa cpyHKIIHH f(x) K OCH y = _P_, 3aTeM CTPOHTCH rpacpHK cpyHKIIHH 
1-m 

<p(kx + b), T. e. rrpOH3BO,IJ;HTC5I C:JKaTHe-pacTH:IKeHHe rpacpHKa <p(x) K OCH 
b 

x = 
1 

_ k. Mo:JKHO o6'be,IJ;HHHTh o6a rrocTpoeHHH, ecJIH Ka:IK,IJ;YIO TO'IKY 

rpacpHKa <l>YHKIIHH f ( x) IIO,IJ;BeprHyTh COOTBeTCTBYIOIIIHM rrepeMellleHHHM 

OTHOCHTeJihHO ,IJ;Byx 3apaHee IIOCTpoeHHhIX ocett C:JKaTHH-paCTH)KeHHH 
b p 

(x = 1- k II y = 1- m). IlpHMep TaKoro IIOCTpOeHHH rrpHBe,n;eH Ha pHC. 95. 

PaccMoTpHM cpyHKIIHIO y = ax2 + bx + c; BhIIIOJIHHB rrpeo6pa3oBaHHe, 

H3BeCTHOe rro,n; Ha3BaHHeM «BhI,IJ;eJieHHe IIOJIHOro KBa,n;paTa», IIOJIY'IHM 

_ ( .!!...) 2 
_ b

2 
- 4ac 

y-a x+2a 4a · 

EcJIH C'IHTaTh, 'ITO f ( x) = x 2 , TO paccMaTpHBaeMaH ¢YHKIIHH MO:JKeT 

b 
6bITh rrpe,n;cTaBJieHa B BH,n;e mf(kx + b) + p, r,n;e m =a, k = 1, b = 2 Hp= 

b2 -4ac v a 
---. rpacpHK TaKOH cpyHKIIHH eCTh pe3yJihTaT rrapaJIJieJibHOrO rre-

4a 
peHoca rpacpHKa cpyHKIIHH y = x 2 B,IJ;OJih OCH a6CI1HCC Ha 0Tpe30K, paBHhlll 

I ;a I' H c:JKanrn-pacTH:JKeHHH rroJiy'IeHHOro rpacpHKa no OTHOIIIeHHIO K OCH 

4ac- b2 

y = 4a(l - a)" 
B yqe6Hoil JUITepaType qa111e BCTpeqaeTCH ,n;pyraH TO'!Ka 3peHHH 

Ha rpacpIIK cpyHKIIHH ax2 + bx + c; OH paccMaTpHBaeTCH KaK pe3yJihTaT 



68 rJI. 3. PABHOMEPHbIE OCEBbIE C)KATIUI l1Jll1 PACT51)KEHI151 

y 

y= f(x) 

2 

"\.... ,l-1 0 
.................... 1 2 3 4 x 

1 1 
-1 m= 3,k=2,p=-1,b=-2, 

f ( x) H ~ f ( 2x - ~) - 1 

Pnc. 95 

rrapa.JIJieJibHoro rrepeHoca rpa¢HKa ¢YHKI~HH y = x 2 Ha oTpe30K j 2~ 1, 3aTeM 

b 
CLKaTHH-paCT5rnrnHH51 B lal pa3 KOCH x = -2 H, HaKOHeu;, rrapa.JIJieJibHOro 

a I b2 - 4acl 
rrepeHOCa ( BBepx HJIH BHH3) Ha 0Tpe30K, paBHblM 4a . 

06a crroco6a IIOCTpOeHH51 HJIJIIOCTPHPYIOTC51 Ha pHC. 96 H 97. 
B cBeTe H3JIOLKeHHOi!: paHee TeopHH rrpe,z:i;cTaBJIHeTCH B03MOLKHhlM rro­

CTpOHTh rpa¢HK <i>YHKD;HH ax2 + bx + c B pe3yJibTaTe TOJlbKO O,ll;HOro rrpe­

o6pa30BaHH51 rpa¢HKa <i>YHKD;HH x 2 (HJIH -x2
). )J.eJIO B TOM, qTQ <i>YHKD;HIO 

ax2 + bx + c MOLKHO rrpe,z:i;cTaBHTb B BH,ll;e 

1( b) 2 b2 

- ax+- +c--. 
a 2 4a 

1 
TaKHM o6pa3oM, ax2 +bx+ c = mf(kx + b1) + p, r,z:i;e m = -, k =a, 

b b 4ac-b2 a 
1=2Hp= 4a 

B § 12 6wJio ycTaHOBJieHo, qTo cLKaTHH*) c O,lJ;HHM H TeM LKe Koa¢¢Hu;H­

eHTOM K ,ll;BYM B3aHMHO rreprreH,ll;HKYJIHpHbIM OC51M eCTb rOMOTeTH51 c TeM LKe 

Koa¢¢Hu;HeHTOM H u;eHTpOM B TQqKe rrepeceqeHH51 ocei!: CLKaTHH, II03TOMY 

rpa¢HKH <i>YHKD;HM f(x) H kf(~) rOMOTeTHqHbl. 

0Ka3blBaeTC.51, rpa¢HKH ¢yHKD;HM x 2 H ax2 + bx + c TaKLKe rOMOTeTHq­

Hbl rrpH a > 0, IIOTOMY qTQ 

1( b) 2 4ac-b
2 

ax2 + bx + c = -;;: ax + 2' + 4a 

*) ,IJ;m1 COKpam;eHHH pe'IH BMecTO CJIOB «C:>KaTHe-pacTmKeHHe» Mbl 6y.n;eM roBOpHTb 

TOJibKO 0,ll;HO CJIOBO «C:>KaTHe» (HMeH B BH,ll;y H TOH .n;pyroe). 
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\ 

-3 

\ 
\ 

J(x) = x2
, 

y 

mf(x + b) + p = 2x2+ -1 

( 3) 2 1 +3x + 1 = 2 x + 4 - 8 

PRC. 96 

' 
3 2\ 

y= (x+4) \\\ 

-2 

\ 
\\., 

y = 2x2 + 3x + 1 = 

y 

3 

1y = x 2 

I 

2 x 

1) (x+£f, 

2)2(x+£)
2

, 

( 3) 2 1 3) 2 x+ 4 - S = 

=2x2 +3x+l 

y = 2x2 +3x+1 
'Y = x2 

' I 

/~/ 
1 2 x 

f(x) = x 2
, 

( 
3 )2 1 -1 mf(x+b)+p= 

=2x+4 -8 3 1 
=2(x+4)-8, 

3 1 
m=2, b= 4,p=-8, 

ypaBHemm OCli OKaTHSI: y = 1 !. m; y = ~ 

PHc. 97 
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1 
KoacpcpHn,HeHT roMoTeTHH paBeH - , a n,eHTP roMOTeTHH Jie)KHT B TO'!Ke 

a 
nepece'leHm1 oceil: C)KaTmr, ypaBHeHH51 KOTOpbix 

x = 1 ! m, y = 1 ~ k (cM. § 13 H 14). 

3Ha'!HT, IJ,eHTp rOMOTeTHH rpacpHKOB cpyHKIJ,HM y = x 2 H y = ax2 + bx + c 
npH a > 0 Jie)KHT B TO'!Ke 

o(4ac- b
2 

b ) 
4(1 - a)' 2(1 - a) · 

HarrpHMep, rpa¢HK cPYHKIJ,HH 2x2 + 3x + 1 roMoTeTH'leH rpa¢nKy 
1 

cpyHKIJ,HH x 2 . Koacpcpnn,HeHT roMoTeTHH paBeH 2, n,eHTp roMoTeTHH Jie-

)KHT B TO'!Ke (-~, -~) (cM. pHC. 98). IlpH a< 0 roMOTeTH'lHbI rpacpHKH 

cpyHKIJ,HM y = -x2 Hy= ax2 +bx+ c. 

y 

1 2 x 
Koop,LIHHaThl 

n;eHTpa rOMOTeTHH: 

-2 ./.::..1 
IIocTpoeHJrn rpa­

qrnKa cpyHKII,HH - l 
y = 2x2 + 3x + 1, 

KoacpcpHII,HeHT 

rOMOTeTlrn paBeH 

1 1 
{

x= 2(1~a)' x=-~, 
b2 - 4ac 1 

y= 4(1-a)' y=-4 
a 2 

Pac. 98 

CTOHT, IlO)Ka.Jiyil:, 3aMeTHTb, 'ITO rpacpHKH )J;Byx cpyHKil,Hil: BH)];a y = xn 

H y = axn TaIOKe rOMOTeTH'lHbI, IlOTOMy 'ITO aXn = n!..y;:i · ( n-~)n; 
B 3TOM CJiyqae K03cpcpHI1,HeHT rOMOTeTHH paBeH*) n!..yu· 

•)Mb! npe)l;IlOJiaraeM 3)l;eCh, 'ITO a> 0, a i 1; npH a< 0 B 3aBHCHMOCTH OT 'leTHOCTH n 
HMeeT MeCTO JIH60 roMOTeTHH, JIH6o rOMOTeTHH H oceBaH CHl\l:MeTpHH. 
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MmKHO TaK)Ke ycTaHOBHTb roMoTeTWIHOCTb rpa<f>HKOB IIOKa3aTeJibHbIX 

<i>YHKIIHH BH,n;a makx+b + p H ax H JIOrapH<f>MH11eCKHX <i>YHKIIHH BH,n;a 

m loga ( kx + b) + p H loga x. 
B ,ll;aJibtteii:meM ttaM notta,n;o6HTCH <f>aKT roMoTeTHH rpa<f>HKOB <i>YHKIIHii: 

.!. H ~- )l,eii:CTBHTeJibHO, eCJIH k > 0, TO 
x x 

~=vk·-1-
x 1 ' -x 

Vk 

T. e. <i>YHKI!HH HMeeT BH,ll; mf (:), r,n;e f (x) = ~. CJie,n;oBaTeJibHO, rpa<f>HKH 

k 1 
<i>YHKIIHH - H - roMOTeTH'!HbI, IIeHTp roMOTeTHH Jie:>KHT B Ha'!aJie KOop,n;H­

x x 
HaT, a Ko::i<f><i>HIIHeHT roMoTeTHH paBeH vk (k > 0). EcJIH k < 0, TO k = -k', 
r,n;e k' > 0 H 

k k' 1 
-=--=-Vki·-1-; 
x x -x 

R 
1 

B 3TOM CJiyqae HMeeT MeCTO rOMOTeTHH c rpa<f>HKOM <i>YHKI!HH y = - - . 
x 

Tenepb paccMoTpHM rpa<f>HK ,n;po6HO-JIHHeil:Hoii: <f>yHKI!HH BH,n;a y = 
ax+b = --d. O'IeBH,n;HO, cJie,n;yeT C'!HTaTh, 'ITO a f- 0 H c f- 0. He HapymaH 
ex+ 

06IIIH0CTH paccy)K,ll;eHHH, MO:>KHO rrpe,n;cTaBHTb Hamy <i>YHKIIHIO B <f>opMe 

r,n;e 

a b 
_ ax+ b _ ~x + ~ _ ax+ (3 

Y- cx+d- d - x+1' 

a 
a=­

c' 

x+-

{3= ~ 
c 

c 

d 
H "( = ~· (1) 

TaKyIO <f>opMy ,n;po6Ho-JIHHeiiHoil: <i>YHKIIHH MhI Ha30BeM rrpHBe,n;eHHOii: 

H B ,ll;aJibHeiimeM 6y,n;eM paccMaTpHBaTh npHBe,n;eHHYIO <f>opMy. Ilpeo6pa30-

ax+ (3 = a(x + 1) + (3- a1 = ({3 _a ) . _I_+ a 
x+1 x+1 'Y x+1 

,n;po6HO-JIHHeMHaH <i>YHKI!HH rrpHBO,ll;HTCH K BH,n;y 

1 
f(x)=;, m={J-a"(, k=l, b="f, p=a. 

KaK 6hrno ycTaHOBJietto paHee, rpa<f>HK TaKoil: <f>yttKI!HH ecTh pe3yJihTaT 
1 

rrapaJIJieJibHoro rrepettoca rpa<f>HKa <i>YHKD;HH - (nmep6oJibI) B,ll;OJih OCH a6c­
x 

IIHCC (Ha oTpe30K 'Y) H C)KaTHH K npHMoi1, napaJIJieJibHoii: OCH a6cIIHCC. YpaB­
a 

HeHHe OCH C:>KaTHH: y = 1 - ((3 - a1)' Koa<f><i>HIIHeHT C:>KaTHH paBeH {3 - l¥"(. 
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TaKoii rpacpHK qacTo paccMaTp1rnaeTCH KaK pe3yJibTaT napaJIJieJibHOro 
1 

rrepeHoca rpacpHKa cpyHKQHH - B,D;OJih OCH a6cu;HCC Ha 0Tpe30K 'Y' C)KaTHH 
x 

K OCH a6cu;ucc c KoacpcpHu;ueHTOM (3 - O:"f H, HaKOHeu;, napaJIJieJihHOro ne-

peHoca B,!l;OJih OCH op,n;HHaT Ha 0Tpe30K o:. 
0,n;HaKO, KaK Mhl IIOKa)KeM ,n;aJiee, MO)KHO o6oiiTHCh TOJihKO O,D;HHM rrpe­

o6pa3oBaHHeM. Ilpe,n;BapHTeJibHO c,n;eJiaeM HeCKOJibKO 3aMeqaHHii. 

I. EcJiu /3 - O:"f = 0, TO y = o:, T. e. rpacpuK ,n;po6Ho-JiuHeitHoit cpyHKIJ;HH 

«Bhipo)K,n;aeTCH» B rrpHMyIO, rrapaJIJieJihHYIO ocu a6cu;ucc. B ,n;aJihHeiimeM 

6y,n;eM cqHTaTh, qTQ (3 - a"j i=- 0, T. e. ad - be i=- 0 (CM. cpopMyJihI ( 1)). 
2. EcJIH (3 - O:"f = 1, TO Hama cpyHKIJ;HH rrpHHHMaeT BH,n; 

1 
y=--+o:. 

x+1 

I'pacpHK TaKOH cpyHKIJ;HH eCTh pe3yJihTaT ,n;Byx rrapaJIJieJihHhIX rrepeHOCOB 
1 

rpacpuKa cpyHKu;ttH*) - . 
x 

9TOT CJiyqali C'IHTaeM paCCMOTpeHHhlM H B ,D;aJibHelimeM 6y,n;eM cqHTaTh, 

HJIH be -; ad =/=- 1. 
e 

3. EcJIH (3 - O:"f = -1, TO cpyHKu;HH HMeeT BH,n; 

-x!, +o:=-C!, -o:). 
Ee rpacpHK MO)KeT 6hITh noJiyqeH KaK pe3yJihTaT ,n;Byx rrapaJIJieJihHhIX 

nepeHOCOB H IIOCJie,n;yIOIIJ;eH CHMMeTpHH OTHOCHTeJihHO OCH a6cu;HCC. 9TOT 

CJiyqaif TaKJKe HCKJIIO'IeH H3 ,ll;aJibHeiimero paCCMOTpeHHH, T. e. 6y,n;eM C'IH-

HJIH be -; ad i=- -1. 
e 

Tenepb HeTpy,n;Ho noKa3aTh, qTo rpacpuK cpyHKIJ;HH 

y = ((3 - O:"f) • _1 _ + 0: 
x+1 

npH ycJIOBHH (3 - O:"f > 0 H (3 - O:"f i=- 1 eCTb pe3yJihTaT I'OMOTeTHH rpacpHKa 
1 

cpyHKQHH y = - . Ilpe,n;cTaBHB Hamy cpyHKIJ;HIO B BH,n;e 
x 

Y = J (3 - O:"f __ x __ l __ 'Y __ + o:, 

~+~ 

• ) .[l;aa napa.nJI€JlbHblX nepeHoca B,!J;OJlb KOOP,!J;HHaTHblX oceH: Ha 0Tpe30K a B,!J;OJib OCH 

a6cu;Hcc H Ha 0Tpe30K b B)J;OJlb OCH Op)J;HHaT MO:lKHO 3aMeHHTb O,!J;HHM napa.nJieJibHblM 

nepeHOCOM Ha BeKTop c Ha'la.TIOM B TO'lKe (0, 0) H KOHil;OM B TO'lKe (a, b). 
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HeMe,D,JieHHO y6e)K,ll;aeMCH, qTO rpa<l>HK TaKOH cPYHKWfH rOMOTeTuqeH rpa-
1 

cPHKY <l>YHKIJ;HH y = - ' K03cPcPHWfeHT roMOTeTHH paBeH v' /3 - a')'; u,eHTP 
x 

rOMOTeTHH Jie)KHT B TOqKe ( 1 ~ k' 1 ~ m) ' T. e. B TOqKe 

EcJIH Bhip83HTh a,/3 H / qepe3 a,b,e H d (<l>opMyJihI (1)), To rroJiyqHM 

KOOp~HaThl rr;eHTpa rOMOTeTHH B BH,D,e 

{ X=~-c' y= ~· 
c-vbc-ad 

Jbc-ad 
Ko3<l><l>uu,HeHT roMoTeTHH paBeH . 

c 
HaM oeTaJIOCh paceMOTpeTh eJiyqali f3 - a/< 0. IlyeTh /3 - a')'= -a, 

a> 0. PaccMaTpHBaeMas <l>YHKIJ,HH MO)KeT 6hITh 3arrucatta B BH,D,e 

y =-ax~ 'Y +a= -(x: 'Y - a). 

fpa<l>HK 3TOH cPYHKIJ,HH eCTh pe3yJihTaT roMOTeTHH rpa<l>HKa cPYHKWfH 

y = .!. Ii lIOCJie.n;yrom;eH: CHMMeTpHH OTHOCHTeJibHO OCH a6CWfCC*). 
x 

lfraK, Borrpoc 0 rpa<l>HKe .n;po6HO-JIHHeHHOH <l>YHKIJ,HH pemeH ucqeprrhI­

BaIOITJ;HM o6pa30M, Ii Mhl MO)KeM COCTaBHTh CBO,D,Ky lIOJiyqeHHhIX pe3yJih­

TaTOB. 

fpa<l>HKOM ,n,po6HO-JIHHeHHOH <l>YHKIJ,HH BH,D,a 

ax+b 
y= cx+d 

HBJIHeTcs B o6m;eM cJiyqae rurrep6oJia (be - ad# 0). 
B qacTHhIX cJiyqasx: 

1) rrpu be - ad= 0 rpa<l>HKOM CJIY)KHT rrpsMas y = const; 
be-ad 

2) rrpH be - ad> 0 Ii --2- # 1 rpa<l>HKOM HBJIHeTCH rurrep6oJia, rOMO­
c 

1 
TeTH'IHas rurrep6oJie y = - ; 

x 

*) 8TOT rpa<l:>HK MO:>KHO TaK:>Ke paccMaTpHBaTb KaK rOMOTeTHIO rpa<l:>HKa <i>YHK~HH 
1 

y=--. 
x 
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be-ad 
3) npn --2- = 1 rpaq:rnKoM cJiy11mT rnnep6oJia, noJiyqeHHa£ B pe-

e 1 
3YJibTaTe napaJIJieJihHOro nepeHoca rnnep6oJibI y = - ; 

x 
be-ad 

4) npH be - ad< 0 H --2- =/:- 1 rpa<l>HK noJiyqaeTC5I B pe3yJibTaTe CHM­
e 

MeTpHH OTHOCHTeJibHO OCH a6cu;HCC rHnep60Jibl, rOMOTeTHqHoi!: rHnep6oJie 
1 1 

y = - ' HJIH rOMOTeTHH rpa<l>nKa <l>YHKU:HH y = - - ; x x 
be-ad 

5) npH --2- = -1 rpa<l>HKOM 5IBJI5IeTC5I rHnep6oJia, CHMMeTpHqHa5I 
e 

1 
OTHOCHTeJibHO OCH a6CI1HCC napaJIJieJibHO nepeHeCeHHOM rHnep6oJie y = - . 

x 
3x+2 

PaccMOTpHM cJie.n,yroiu;H:fi rrpHMep: rrycTb y = 
2

x + 
1 

; Ha:fi,rl,eM ,IT,Jl5I 

be-ad 4-3 1 
9TOH <l>YHKllHH Bbipa)KeHHe _e_2_; OHO paBHO -4- = 4. 3HaqHT, rpa-

3x + 2 1 
<l>HK <l>YHKllHH y = -

2 1 
roMoTeTJl:qeH rpa<l>n:Ky y = - . Ko9<l><l>Hu;H-. x+ x 
~ 1 

eHT rOMOTeTHH paBeH e = 2' 11eHTp roMOTeTHH Jie)KHT B ToqKe 

o(~ ' ~), T. e. 0'(-1,3). CooTBeTCTBYIOJIIeenocTpO­
be-ad-e e- be-ad 

eHHe BbIIlOJIHeHO Ha pHC. 99. 
y 

' 
0 1 ! 3 \ -------------------------t·,::::- -- __ Jr ________________________________ _ 

f: ',, \ 

_ 3x + 2 !\ -----\ 
Y - 2x + 1 !\ '. 

!\ 1 \ 

-3 
-2 -1:: 0 _T____________ i \ 

Y ........ : : = x --: : -1 
>~ 
: \ 

- f \ x - -1 i \ 

PHe. 99 

3x+2 
y = 2x + 1 

',, __________________ "!__~ ~ 

1 2 3 x 

1 
PaccMoTpHM rpa<l>HK <l>YHKU:HH y = x + - . OH MO)KeT 6bITb nocTpoeH 

x 1 
nyTeM «CJIO)KeHH5I» rpa<l>HKOB <l>YHKU:HM y = x H y = - (cM. pHC. 100). 

x 
Ilo rpa<l>HKY BH,JVIO, qTO Rania <l>YHKU:H5I HMeeT JIOKaJibHbie 9KCTpeMyMbI: 
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Ymin = 2 rrpH x = 1 H Ymax = - 2 rrpH x = -1 ( xopomo H3BeCTHaz TeopeMa 

o cyMMe B3aHMHO o6paTHbIX qHceJI). Ocb op,rr,1rnaT H 6HcceKTpHca KOOp,IT,H­

HaTHbIX yrJIOB I H III qeTBepTH cJiy)KaT acHMIITOTaMH rpa<l>HKa. 

y 

2 

1 

-3 

1 
\'y=x+Y 

\/y~x 

',, 1 ,_ y = -
----------------- x 

1 2 3 x "i·-----:: ____ _ 
y=; --,\\ 

1 
f(x) = x + -

x 

d x 

-3 

1 
y=­x 

1 
y=x-­

x 

Pnc. 100 

y 

Pnc. 101 

y=x 

1 
y=x-­x 

1 
--------------~-~ x 

2 3 x 

1 
fpa<l>HK <l>YHKII,HH y = x - - CTpOHTCH rryTeM «BblqHTaHHH» rpa<l>HKOB 

1 x 1 
<l>YHKII,HH y = x H y = - (cM. pHC. 101). cl>yHKII,HH y = x - - He HMeeT 

x x 
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aKcTpeMyMoB. Ee rpa¢nK MMeeT Te )Ke acnMIITOThI, 'ITO M rpa¢nK <l>YHK-
1 1 

IJ;HH y = x + - . 3aMeTMM TaK)l(e, 'ITO rpa¢nK <l>YHK~M y = - - - x MO)KHO 
x x 

1 
paccMaTpMBaTb KaK rpa¢MK <l>YHKIJ;HH -f(x), r,n;e f(x) = x +-,a rpa¢MK 

1 x 1 
<l>YHK~M y = - - x - KaK rpa¢HK <l>YHKIJ;MM -f(x), r,n;e J(x) = x - -. 

x x 
Bee aTM rpa¢HKH MoryT rrpHMemIThCH ,D;JIH rrocTpoeHMH rpa¢HKOB ,n;po6-

Hhlx KBa,n;paTM'IHO-JIMHeMHbIX <l>YHK~M BM,n;a 

ax2 +bx+ c 
y= dx+e (A) 

Mbr IIOKa)l(eM, 'ITO rpa¢MKH <l>YHK~M BH,D;a (A) MOryT 6bITb IIOCTpoeHbl 

KaK rpa¢MKH <l>YHKIJ;HM y = mf(kx + b) + p, r,n;e f(x) - O,n;Ha M3 '!eTbipex 

paccMoTpeHHhIX ¢yHKIJ;HM BH,n;a ± ( x ± ~). CHa'IaJia y6e,D;MMCH, 'ITO ¢YHK-
ax2 +bx+ c 8 

~H d (a -I 0, d -I 0) rrpe,n;CTaBMMa B BM,D;e ax+ {3 + --. ,Il;JIH 
. X + e /X + E 

aToro Ha,n;o ycTaHOBHTb cyll1eCTBOBaHMe H e,n;MHCTBeHHOCTb pemeHMH CMCTe-

Mbl ypaBHeHMM 
a-y =a, 
ae + f3'Y = b, 

{3€ + <5 = c, 

"'( = d, 

e=e. 

cho HeTpy,D;HO C,D;eJiaTb, M Mbl IIOJIY'IHM CJie,D;yIOII1ee pemeHne: 
a 

a=d' 

{3
_bd-ae 
- d2 ' 

"'( = d, 

cd2 + ae2 
- bde 

<5= d2 , 

e=e. 

llTaK, c IIOMOII1bl0 COOTHOmeHMM (B) Mbl IIOJiyqaeM TO)l(,D;eCTBO 

ax
2

+bx+c =ax+{3+-o-. 
dx + e /X + E 

(B) 

0 
Terrepb rroKa)l(eM, 'ITO ¢YHKIJ;MH ax + {3 + -- rrpeo6pa3yeTCH K BM,Il;Y 

"(X + E l 
mf(kx + b) + p, r,n;e f(x) - o,n;Ha H3 '!eTbipex ¢YHKIJ;MM ±(x ± ;), rrpH 

YCJIOBHM J #- 0. 
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CJiy<ratt o = 0, T. e. cd2 + ae2 - ebd = 0, MbI paccMoTpHM ToTqac )Ke, 

qTo6bl He B03Bpam;aTbC}l K HeMy B )l;aJibHettrneM. 
ax2 +bx+ c 

KaK HeTpy.n;Ho 3aMeTHTb, rrpH o = 0 cPYHKllHH d rrpeo6pa3y-
x + e 

eTCH B BH)l;y ax+ (3, T. e. B 3TOM CJiyqae ee rpa¢HKOM CJIY)KHT rrpHMaH. 

IIycTb o ":f 0. BBe.n;eM rrapaMeTpbI µ = J H .X = ~; Tor.n;a 

8 1 
ax + (3 + -- =ax+ (3 + --, . 

"'(X+e µx +" 
EcJIH o ~ 0 H µ > 0, TO 

1 
ax+f3+---

µx+>. 

- {i_ [(..;aµ. x + fi._x) + 1 a l + (3 - a\ (C) yµ yµ .;aµ·x+l,>. µ 

B qeM JierKO y6e~TbCH, BbIIIOJIHHB BbIKJia)l;KH B rrpaBO:li qaCTH TO)K,ll;e­

CTBa (C). 9TO TO)K)l;eCTBO 03HaqaeT, qTQ cPYHKllHH (A) rrpHBe.n;eHa K BH)l;y 

mf(kx + b) + p, 
rrpHqeM 

k =..;aµ, 

1 
r.n;e f(x)=x+-, 

x 

a>. 
p=f3--. 

µ 
(D) 

ax2 +bx +c 
TaKHM o6pa3oM, rpa¢HKOM cPYHKllHH y = d rrpH a > 0 H µ > 0 

x+e 1 
HBJIHeTCH pe3yJibTaT C)KaTHH rpa¢HKa cPYHKllHH y = x + - K rrpHMbIM x = 

b p x 
= 1 _ k, Y = 1 _ m c K03cPcPH11HeHTaMH k H m. B cJiyqae km= 1, T. e. a= 1 

HJIH a= d, HMeeT MeCTO roMOTeTHH. 

EcJIH a< 0 H µ < 0, TO MO)KHO rroJIO)KHTb a= -a', a'> 0 H µ = -µ', 
µ' > 0. Tor.n;a 

ax+ (3 + - 1
- = -(a' x - (3 + - 1

-) 
µx+>. µ1x->. 

1 
H rrpeo6pa3oBaHHe ( C) rrpHMeHHMO K Bbipa)KeHHIO a' x - (3 + -,--)... 

ax2 + bx + c µ x -
B 3TOM cJiyqae cPYHKllHH d CHOBa rrpHBO,ll;HTCH K BH,ll;Y 

x+e 

mf(kx+b) + p, Ho f(x) = -(x + ;-). 
EcJIH a > 0 H µ < 0, TO c rroMOIIl;bIO aHanorHqHbIX paccy)K,ll;eHHtt y6e-

1 
,ll;HMCH, qTQ f(x) = X - -. 

EcJIH a< 0 H µ > o,XTO f(x) = -(x - ~)· 
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9THMH qeThlpbM51 CJiyqa51MH H CJiyqaeM 8 = 0, paCCMOTpeHHhIM pattee, 

HcqeprrbIBaIOTC51 pa3HOBH,Il;HOCTH rpaqmKa <i>YHKIJ;HH 

ax2 +bx +c 
y= dx+e 

PaccMOTpHM rrpHMep rrocTpoeHH51 rpaci>HKa <PYHKIJ;HH 

2x2 + x - 1 
y= 3x+2 

B 3TOM rrpHMepe a= 2, b = 1, c = -1, d = 3, e = 2. Ilo <PopMyJiaM (B) 

tta:ii,lJ,eM o: = ~' /3 = -~, "( = 3, <J = -~, c = 2. Terreph BhiqHcJIHM µ H >.. 
27 18 1 

IloJiyqHM µ = - 7 , >. = 7 . TaK KaK o: > 0, µ < 0, HMeeM f(x) = x - ;· 
,Il;aJiee, tta:ii,lJ,eM 

1 r;-; 3 1'A 2 ;:;-; 5 
m= 9v14, k= 7v14, b= 7v14 H p=-9. 

0KoHqaTeJihHO rroJiyqaeM 

2x
2 

+ x - 1 1 ( 3 2 1 ) 5 
3x + 2 = 9v"i4 7v"i4 + 7v"i4 - 3 2 - 9· 

7 v'I4x + 7 v'I4 
2x2+x-1 

,Il;JI51 IIOCTpOeHH51 rpa<i>HKa <i>YHKIJ;HH y = 3 2 Ha,l],O rpaci>HK <i>YHK-
1 x+ b 

IJ;HH y = x - - IIO,l],BeprttyTh C:lKaTH51M K rrp.HMhIM x = 1k H y = ~ 
x 3 1 - -m 

c Koa<t><t>Hu;HeHTaMH k = 7v'14::::::: 1,6 H m = 9v'14::::::: 0,4. 

TaKoe rrocTpoeune ocym;ecTBJieHo Ha pnc. 102. CHaqaJia cTpO.HTC.H rpa-
1 

<i>HK <i>YHKIJ;HH y = x - - HOCH C:lKaTH51 x = -1,8, y = -1. 3aTeM rpaci>HK 

<PYHKIJ;HH y = x - .!. (~o6pa:iKeHHhIH rrpepbIBHCTOH IIITpHXOBOH KpHBO:ii) 
x 

IIO,l],BepraeTC51 C:lKaTHIO K OCH x = -1,8 c Koa<t><t>Hu;HeHTOM 1,6 ( IIOJiyqeH-

Hhie KpHBhie H3o6pa:iKeHbI rryHKTHpoM) H, HaKOHeu;, 3TH KpHBbie C:lKHMaIOT­

C.H K OCH y = -1 c Koa<t><t>Hu;HeHTOM C:lKaTH51 0,4. 0KOHqaTeJibHhie KpHBhie 

H306pa:lKeHhl :lKHpHOH CIIJIOIIIHOH JIHHHe:ii. 

l{HTaTeJIIO CJie,lJ,YeT HMeTb B BH,l:J,Y, qTO OIIHCaHHhIH 3,r:i;ech crroco6 IIOCTp0-

2x2 + x-1 
eHH.H rpa<t>nKa <i>YHKIJ;HH y = 3 2 He .HBJI.HeTC.H HaH60Jiee pau;HoHaJib-

x + 
HhIM. ,Il;a:iKe IIOCTpoeHHe 3TOro rpaci>HKa «ITO TOqKaM» OK83aJIOCh 6bl 6oJiee 

rrpOCThIM. Em;e a<P<t>eKTHBHee IIOCTpoeHHe, OCHOBaHHOe Ha aHaJIH3e <i>YHK-

2x2 + x - 1 _ 
IJ;HH 3x + 2 0,r:i;HaKO H TO H ,r:i;pyroe BhIXO,lJ,HT 3a paMKH HaCT051IIJ;eH 

KHHrH, IIOCB.Hm;eHHOH reOM€TpHq€CKHM rrpeo6pB.30BaHH.HM rpaci>HKOB <PYHK­

IJ;HM. llMeHHO c 3TOH TOqKH 3peHH51 Mhl paccMaTpHBaeM BOIIpOChl IIOCTpO­

emrn rpaci>HKOB <PYHKIJ;Hil:. TaKa51 ToqKa 3peHH.H, KaK, Bepo.HTHO, 3aMeTHJI 
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x = -1,8 

-3 -2 

y 

I 2 
I 

/ 
I 

1 
y=x--

/ x 
/ 

I 2x2 + x -1 
;Y = 3x + 2 

2 3 

P11c. 102 

x 

qHTaTeJih, BO MHOrflJC CJiyqa.ax OKa3bIBa€TC.H BeCbMa IIOJI€3HOii rrpH nocTpO­

eHHH rpaqmKOB ¢YHKIJ;Hii, O,]];HaKO OHa He M02KeT 6b!Th rrpHHRTa B KaqeCTBe 

yttHBepcaJibHoii:. Ho Bee 2Ke B paccMoTpeHHOM cJiyqae .n;ocTaToqao 6bIJIO 
1 

orrpe,n;eJIHTb 3HaK a' qTo6hI COCTaBHTb rrpe,n;cTaBJieHHe 0 rpa¢HKe ( x + -
1 x 

HJIR X - - ). 
x 

IlpHBe,n;eM ellle rrpHMep llOCTpoeHHR rpa¢HKOB ¢YHKIIHH BH,n;a 

mf(kx+b) +p (cM. pnc. 103). 
IlpHMeHHM paccy)K.ll;eHHR H3 :::>Toro rraparpa¢a K rpa¢HKaM ypaBHeHHii 

BH,n;a 
f(kx + b, my+ p) = 0, ... (2) 

EcJIH y = <p(x) - o,n;Ha H3 ¢YHKIIHii, orrpe,n;eJiaeMhIX ypaBHeHHeM 

f(x, y) = 0, TO ypaBHeHHeM (2) orrpe.n;emieTC51 ¢YHKI1H51 

1 p 
y = -cp(kx + b) - -, ... 

m m 
(3) 

rpa¢HK KOTOpoii, KaK ycTaHOBJieHo, eCTb pe3JJihTaT C2KaTH51 K ,ll;BJM rrp51-

MbIM, rrapanJieJibHhIM Koop,n;HHaTHhIM ocHM rpa¢HKa ¢yHK1IHH cp(x). CoBo­

KYITHOCTh rpa¢nKOB Bcex ¢YHKllliif (2) 5IBJI51€TC51 rpa¢HKOM ypaBH€HH51 (1); 
Il03TOMY M02KHO c¢opMyJIHpoBaTb CJie,ll;YIOIIIee rrpaBHJIO: 2pa<fm~ ypaette'HU.R, 
f(kx + b, my+ p) = 0 (k =f. 0 H k =j:.1, m =f. 0 H m =f.1) ecTh pe3yJihTaT c2Ka-

P 1 
THH rpa¢HKa f(x, y) = 0 KOCH y = -1-- c Koa¢¢HIIHeHTOM, paBHbIM -, 

b -m m 
H C)KaTH51 K OCR x = k c Koa¢¢H1IHeHTOM, paBHhIM k. 
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y = 2sin(3x - 1) + 1 

x 
y = sinx 

mf(kx + b) + p = 2sin(3x -1) + 1 

Pnc. 103 

Y npIDKlleHIDI 

IlocTpOii:Te rpa<j>HKH <i>YHKIJ;HM. 
49. 2log2(1- 3x) -1. 
50. -2 arcsin(l - 2x) + 1. 



rJ1ABA 4 

BPAlIJ;EHIIE 

§ 16. CHMMeT}>WI OTHOCHTeJILeo npBMoi y = kx. 
fpa<l>mm B3aHMBO o6paTBhlX <l>ymcn;d: 

CHMMeTpm1 OTHOCHTeJibHO KOOp~HaTHhIX oceii HJIH rrpHMhIX, HM rra­

paJIJieJibHhlX, 6bma paccMoTpeea paeee. Ceifqac :>Ke rrocTaBHM ce6e 3a,n;aqy 

ycTaHOBHTh COOTHOilleHHe Me:>K,n;y KOOp,Zl;HHaTaMH TO'leK, CHMMeTpH'IHhlX OT­

HOCHTeJihHO mo6ofi rrpHMOfi y = kx, rrpOXO,n;HII1ett qepe3 Ha'laJIO KOOp,Zl;HHaT 

y 

Mi(x,y) 
Y1 -------------------------,, 

~. y = kx 
:a\ 

y* --------------------------;-- l\Q 
R: : \ 

Y --------- -------------+---f--'.t M(x y) 
i l i ' 

PHC. 104 

(cM. pHc. 104). IlycTh TO'IKH M(x, y) H Mi(x1 , y1) CHMMeTpH'!HhI OTHOCH­

TeJihHO rrpHMOH y = kx; TOr,n;a eCJIH TO'!Ka Q(x*' y*) eCTh cepe~Ha 0Tpe3Ka 

MM1, TO 

{ 

* _ x+x1 
x - 2 ' 

Y* = Y + Y1 
2 . 

To'!Ka Q rrpHHa,n;Jie:>KHT rrpHMOfi y = kx, rroaToMy 

Y + Y1 = k(x + x1). (1) 
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lfa TpeyroJihHHKa RMiM (cM. pHc. 104) HaXO,lJ,HM 

x - X1 = (y - Y1)k, (2) 

r,n;e k = tg a; Q - yroJI HaKJIOHa rrp.HMOH y = kx K OCH a6CIJ,HCC. qHTaTeJih 

MOX<:eT caMOCTO.HTeJibHO y6e)J,HTbcg, 'ITO COOTHOIIIeHH.H (1) H (2) BepHhl rrpH 

JII060M 3HaqeHHH yma*) Q. Pernaa CHCTeMy ypaBHeHHH (1) H (2) OTHOCH­

TeJihHO Xi H Yi, IIOJiy'IHM 

{ 

1- k2 2k 
Xi = 1 + k2 X + 1 + k2 y, 

2k 1 - k2 

Yi = 1 + k2 x - 1 + k2 y. 

lfaBeCTHO, 'ITO ecJIH tga = k, TO sin2a = 1 !kk2' 

II03TOMY ¢opMyJihl (3) MOryT 6hITh 3aIIHCaHbl B BH)J,e 

{

xi= xcos2a + ysin2a, 

Yi= xsin2a - ycos 2a. 

(3) 

1- k2 

a cos 2a = 1 + k 2 ; 

(4) 

B CHJIY CHMMeTpHH TO'leK M H Mi MbI rroJiy'IHM aHaJIOrH'IHhie cooTHO­

rneHHa, Bh1pa2KaIO~He Koop)J,HHaTbI x H y qepe3 X1 H Yi: 

{ 
x = X1 cos 2a + Y1 sin 2a, 

y = x1 sin 2a - Yi cos 2a. 
(5) 

3aMeTHM, 'ITO rrpH Q = 90° HJIH Q = 270° ¢opMyJibl (4) IIpHMYT BH)J, 

{

Xi= -X, 

Yi =y, 

T. e. 6y,n;yT Bhlpa2KaTb COOTHOIIIeHH.H Me2K)J,Y KOOp)J,HHaTaMH TO'IeK, CHMM€T­

p1PIHblX OTHOCHTeJibHO OCH Op)J,HHaT, ycTaHOBJieHHbie HaMH B § 2. To'IHO TaK 

2Ke rrpH Q = 0° HJIH Q = 180° IIOJIY'IHM 

{

Xi =x, 

Y1 = -y; 

3TO ycJIOBHe CHMMeTpH'IHOCTH TO'leK OTHOCHT€JlhHO OCH a6cIJ,HCC (cM. § 1). 

•)CJiy'laH a= 90°m, m E Z, HCKJIIO'laIOTCH H3 paccMoTpeHH.a, TaK KaK OHH npHBO~T 
K H3y'leHHbIM paHee CHMMeTpH.HM OTHOCHTeJibHO KOop,n;HHaTHb!X oce:l!:. 
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IIpe,n,cTaBJrneT MHTepec cJiy'!a:fi a= 45° (nJIM a= 225°). B aTOM cJiy'!ae 

COOTHOIDeHMR ( 4) rrpMMYT BM,ll, 

{ 

X1 = y, 

Yl =X. 

Ilpn a= 45° MMeeM k = 1 Il OCb CMMMeTpMM y = x RBJIReTCR 6ncceK­

TpMCOH KOOp,D,MHaTHhix yrJioB I M III '!eTBepTM. 0Ka3hrnaeTca, rpa¢MKM 

¢YHK~H y = J(x) II x = J(y) ,D,OJI)KHbI 6bITh CIIMMeTpH'IHbI OTHOCMTeJib­

HO rrpRMOH y = x. ECJIM M3 ypaBHeHMR x = J(y) MOEHO Bbipa3IITb y KaK 

RBHYIO ¢YHKIJ,MIO rrepeMeHHOM x, TO, KaK M3BeCTHO, TaKaR ¢YHKIJ,HR Ha-

3hIBaeTCR o6paTHO:fi no OTHomeHMIO K ¢YHKIJ,MII f ( x). B Kypcax aJire6pbr 

ycTaHaBJIMBaeTCR, 'ITO eCJIM ¢YHKIJ,MR J(x) MOHOTOHHa M HerrpepbIBHa Ha 

OTpe3Ke [a, b], TO Ha 0Tpe3Ke [f(a), J(b)] (MJIII [f(b), j(a)], ecJIM ¢YHKIJ,MR 

J(x) y6brna10IIJ,aa), orrpe,n,eJieHa o6paTHaa eii ¢yHKIJ,MR F(x). 
I'parjJU1'"U eaau.M'HO o6pamtt'btX <fiytt1'"V,UU CU.M.MempU"{'H'bt omttocume./l,'b'HO 

npJl.MOu y = x. 

--, -2 
_________ / -1 

y 

3 

2 

PHC. 105 

y = F(x) 

y=x 

' ' ' ' ' 
/ y = f(x) 

...... __ .. 

3 x 

EcJIM ¢YHKIJ,MR J(x) He MOHOTOHHa H o6JiaCTb ee orrpe,n,eJieHHR MOEHO 

pa36HTb Ha rrpoMe:m:yTKH, B KOTOpbIX coxpaHaeTCR MOHOTOHHOCTh, TO ,D,JIR 

¢yHKil,HH J(x) MOEHO B Ka)K,ll,OM M3 rrpoMe:m:yTKOB MOHOTOHHOCTM yKa3aTb 

o6paTHyIO eii ¢YHKIJ,HIO; COBOKYIIHOCTb rpa¢MKOB Bcex o6paTHbIX ¢YHKIJ,MH 

RBJIReTCR rpa¢MKOM, CHMMeTpM'!HhIM rpa¢nKy J(x) OTHOCMTeJihHO rrpRMOH 

y=x. 
Ha pnc. 105 mo6pa)KeHhI rpa¢ttKM B3aMMHO o6paTHhIX ¢YHKIJ,M:fi J(x) 

u F(x). 



84 rJI. 4. BPAIIJ:EHIIE 

IlepeXOMJ K rpacpHKaM ypaBHeHHfi BH,ll;a f(x, y) = 0, IlOJIY'IHM CJie,z:ry10-

rn;ee npaBHJio: eparfiu'K:u ypaBttettuu f(x, y) = 0 u f(y, x) = 0 CUM.Mempu"{tt'bt 
omttocumeJ/,'b'/-iO npR.Mou y = x. 

-3 

-2 

. . . . 
' ' ' ' . . . 

' . 
' ' . . . 

' 
\\ 

\ 

y 

3 

2 

1 

\\·, ..... 

1 

PHc. 106 

y 

y=xz 

y=x 

2 3 x 

3 y+cosy-x=O 

y=x 
2 

1 /---------- -------,;/~ x + cos x 

.- ' 

-2 / / ~-/~ 2 3 

' x 

f(x, y) = 0, 

-2 f(y,x)=O 

PHc. 107 

Ha pHc. 106 nocTpoett rpacpHK ypaBHeHm1 y2 - x = 0 KaK pe3yJibTaT 

CHMMeTpHH rpacpHKa y = x 2 OTHOCHTeJibHO Ilp51MOH y = x. 
BcTpe'IaBmHii:CH pattee rpacpHK ypaBHeHH51 y + cosy - x = 0 

(cM. pHC. 14), H3 KOToporo HeJib351 Bbipa3HTb y KaK 51BHYIO cpyHKizylIO 

nepeMeHHOH x, 6bIJI IlOCTpoeH KaK KpHBa51, CHMMeTpH'IHa51 rpacpHKY 
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ypaBHeHH5I x + cos x - y = 0, onpe,n;e;rnrorn;ero y B Bl:l,ll;e HBHOH cPYHKIJ;HH 

x, a HMeHHO y = x + cos x. fpa¢HK 3TOH cPYHKIJ;HH CTp0HTC5I nyTeM 

CJIO:lK:eHHH Op,]];HHaT ToqeK, npHHa,}];Jie:lK:arn;Hx rpa¢HKaM y = x H y = cos x 
(CM. pHC. 107). 

IlocTpOHTe rpa¢HKH ypaBHeHHH. 

51. y - cosy - x = 0. 
52. y2 - 4y - x + 3 = 0. 

§ 17. Bp~eHHe 

B 3TOM naparpa¢e MbI paccMOTpHM rpa¢HKH cPYHKIJ;HH, o6pa3yrorn;Meca 

B pe3yJibTaTe Bparn;eHHH BOKpyr HaqaJia KOOp,n;HHaT rpa¢HKOB HeKOTOpbIX 

HCXO,ll;HbIX cPYHKIJ;HH. 

YcJIOBHMCa cqHTaTb noJIO:lK:HTeJibHbIM Bparn;eHHe npOTHB qacoBoii cTpeJI­

KH. Mb! MO:lK:eM BOBCe He paccMaTpHBaTb OTpHu;aTeJibHbIX Bparn;eHHH, eCJIH 

yrJibl IlOBOpOTa 6y,n;eM cqHTaTb H3MeHHIOIIJ;HMHCH OT 0° ,ll;O 360°. 

PHc. 108 

I-fa reoMeTpHH H3BeCTHO, qTo Bparn;eHHe MO:lK:HO paccMaTpHBaTb KaK pe-

3YJibTaT ,ll;BYX IIOCJie,ll;OBaTeJibHbIX oceBbIX CHMMeTpHH OTHOCHTeJibHO oceii, 

nepeceKaIOIIJ;HXCH B u;eHTpe Bparn;eHHH H COCTaBJIHIOIIJ;HX Me)f(,ll;y co6oii yroJI, 

paBHbIH rrOJIOBHHe yrJia Bparn;eHHa. HarroMHHM ,ll;OKa3aTeJibCTBO 3Toro yT­

Bep)f(,ll;eHHH ( qHTaTeJib, 3HaKOMbIM c HHM, MO:lK:eT 3TOT a63au; HaCTOarn;ero 

rraparpa¢a rrporrycTHTb). 

IlycTb TOqKa M (cM. pMc. 108) B pe3yJibTaTe Bparn;eHHa Ha yroJI o: BOKpyr 

u;eHTpa 0 nepemJia B TOqKy M 2 . IlocTpOHM ,n;Be npoH3BOJibHble rrpaMbie 001 
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a 
H 002, rrepeceKarom;HecH B TO'IKe 0 H o6p83yrom;He Me)K,ey co6oii yroJI 2 , 
OTC'IHTbIBaeMhIH OT OOi K 002. Tor,n;a ecJIH TO'!Ka M rro,n;BepraeTCH oce­

Boil: CHMMeTpHH OTHOCHTeJibHO OCH OOi, TO OHa rrepeil:,n;eT B TO'IKY Mi' 

H rrpH 3TOM L.MOOi = L.OiOMi; ecJIH 3aTeM TO'!Ka Mi rro,n;BepraeTCH oce­
Boil: CHMMeTpHH OTHOCHTeJibHO OCH 002, TO OHa rrepeil:,n;eT B TO'IKY M2, rro­

TOMY 'ITO L.Mi002 = L020M2 H L.MOM2 = 2(.L.OiOMi + L.Mi002) = 
= 2.L.Oi 002 - a. 

l'lTaK, Bpam;eHHe MO)KHO paccMaTpHBaTb KaK pe3yJihTaT ,ll;BYX IIOCJie,n;o­
BaTeJibHbIX oceBbIX CHMMeTpHil: OTHOCHTeJihHO oceil:, y,n;oBJieTBOpHIOIIIHX H3-
JIO)KeHHblM Bhime Tpe6oBaHHHM. 

IlycTh TO'IKa M ( x, y), rrpHHa,ll;Jle)Kam;aH rpaqmKy cpyHKIJ;HH y = f ( x), 
rro,n;BeprJiach Bpam;eHHIO Ha yroJI w (w > 0) H rrepemJia B TO'IKY Mi (xi, Yi). 
Koop,n;HHaThI TO'IKH Mi MO)KHO HaHTH, BOCIIOJih30BaBmHCh cpopMyJiaMH (4) 
§ 16, eCJIH paccMaTpHBaTh Bpam;eHHe KaK pe3yJibTaT ,n;Byx IIOCJie,n;oBaTeJib­

HbIX oceBbIX CHMMeTpHil: OTHOCHTeJihHO rrpHMhIX y = kx H y = mx HJIH 
w 

y = x tg Q H y = x tg ,B rrpH ycJIOBHH ,B - Q = 2 (CM. pHC. 109). 

y 

y=mx 

y = kx 

x 

PHC. 109 

B pe3yJihTaTe CHMMeTpHH OTHOCHTeJibHO OCH y = kx IIOJIY'IHM TO'IKY 

M*(x*, y*), Koop,n;HHaThI KOTopoii paBHhI 

{ 
x* = x cos 2a + y sin 2a, 

y* = xsin2a -ycos2a. 

IIocJie CHMMeTpHH OTHOCHTeJihHO ocH y = mx rroJiy'IHM TO'IKY Mi(xi,yi), 
KOOp,ll;HHaTbl KOTopoil: paBHbl 

{

xi = x* cos 2,6 + y* sin 2,6, 

Yi = x* sin 2,6 - y* cos 2,6. 
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IIo,n;cTaBHB B IIOCJie,ll;HHe cPOPMYJibl BMeCTO x* H y* HX Bbipa:iKeHH5! 'Iepe3 
X H y, IIOJIY'IHM 

HJIH 

{ 
x1 = (x cos 2o: + y sin 2o:) cos 2/3 + (x sin 2o: - y cos 2o:) sin 2/3, 

Y1 = (x cos 2o: + y sin 2o:) sin 2/3 - (x sin 2o: - y cos 2o:) cos 2/3, 

{ 
x1 = x(cos2o:cos2/3 + sin2o:sin2/3) -y(sin2f3cos2o: - cos2/3sin2o:), 

Y1 = x(sin 2/3 cos 2o: - cos 2/3 sin 2o:) + y( cos 2o: cos 2/3 +sin 2o: sin 2/3), 

H HaKOHeu;, 

{ 
x1 = xcosw - ysinw, 

Y1 = x sin w + y cos w. 
(1) 

CooTHomeHH5! (1) Bbipa:iKaIOT 3aBHCHMOCTb Koop,n;HHaT TO'IKH M1, rro­
JiyqeHHoil: B pe3yJibTaTe BpaII1eHH5! TO'IKH M Ha yroJI w, OT KOOp,ll;HHaT TO'I­
KH M. 

,Il;JI5! Hae rrpe,n;cTaBJI5!IOT HHTepec Bbipa:iKeHH5! KOOp,ll;HHaT x Hy 'Iepe3 X1 
H Y1, KOTOpbie MO:iKHO HaMTH, pemHB CHCTeMy ypaBHeHHM (1) OTHOCHTeJihHO 
XHY 

{ 
x = x1 co~w + Y1 sinw, 

y =-xi smw + Y1 cosw. 

B qacTHOCTH, ,ll;JI5! w = 45° H w = 135° rroJiy'IHM cooTBeTCTBeHHO 

{ 

X = X1 J2 + Yl J2 
2 2 ' 
X1 J2 Yl J2 (w = 450) 

y=--2-+-2-

{ 

x = x1 J2 _ Y1 J2 
2 2 ' 

X1 J2 Yl J2 
y=-2-+-2-

(w = 315°). 

(2) 

(3) 

(4) 

IlycTb HMeeTc5! ypaBHeHHe F(x, y) = 0. EcJIH ,ll;JI5! JieBoil: qacTH 3Toro 
ypaBHeHH5!, T. e. F(x, y), ocyII1eCTBHMO TO:iK,ll;eCTBeHHOe npeo6pa3oBaHHe 

F( ) = f (xJ2 yy'2 - xv'2 yJ2) 
x, y 2 + 2 ' 2 + 2 ' 
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TO Ha OCHOBamrn cpopMyJI (3) HaCTOSIIIJ,ero naparpacpa Mbl MO:>KeM YTBep­

)K,Il;aTb, qTo rpacpMK ypaBHeHMR F(x, y) = 0 ecTb pe3yJibTaT spaIIJ,eHMR rpa­

cpuKa ypasHeHMR f ( x, y) = 0 Ha yroJI 45 °. HanpuMep, ypaBHettue y2 - x2 -

- 2 = 0 MO:>KeT 6bITb npe,n;cTaBJI8HO B BM,n;e 

(y + x) (y - x) = 2, 

MJIM 

( xv12 + yyl2) (- xv12 + yyl2) = l· 
2 2 2 2 ' 

II03TOMy rpacpMK ypaBHeHMR y2 - x 2 - 2 = 0, HJIH y2 - x2 = 2, MO:>KeT 6bITb 

IIOCTpOeH B pe3yJibTaTe BpaIIJ,eHM51 rpacpMKa ypaBHeHMR xy = 1 ( T. e. rMrrep-

60JibI) Ha yroJI 45° BOKpyr HaqaJia KOOp,Ll;MHaT (cM. puc. 110). 

y 

2 

1 

.______ -2 -1 0 
xy = i-----------

---. . ., -1 

' ' ' ' ' ' ' ' ' ' ' ' 

\ _.---,--. 

' \-2 
' ' ' ' ' ' ' 

' 

Pn:c. 110 

y2 - x2 = 2 

------------ xy = 1 ........ ---- ........ 

1 2 3 x 

y2 - x2 = 2 

B o6IIJ,eM CJiyqae Mb! rrpHXO,Ll;HM K CJI8,Ll;YIOllJ,eMy rrpaBMJiy: ec.f/,U a.f/,JI, 'X:ll­
'ICOU-'l·iU6yatJ rfiytt'X:V,UU c a6y.MJI, tteU36ecmtt'bl.MU F(x, y) ocyw,ecm6U.MO mo:>IC­
aecmBe'/i'/iOe npeo6pa306attue 6uaa F(x, y) = f(ax +by, -bx+ ay), 2ae a2 + 
+ b2 = 1, mo 2parjju'X: ypaBttettuR F(x, y) = 0 ecmtJ pe3yj/,tJmam Bpaw,ettuR 
2parjju'X:a ypaBttettuR f(x, y) = 0 60'X:py2 tta"(,a.f/,a 'X:oopauttam tta yw.f/, w, onpe­
aMRe.M'btU U3 coomttow,ettuu a= cosw, b = sinw. 

Beposi:THO, quTaTeJib 3aMeTHJI, qTo npaKTHqecKoe npHMeHeHMe 3Toro 

rrpaBMJia ,n;Jisi: nocTpoeHHR rpacpHKOB ypasHeHMii 3aTPYAHMTeJibHO. B caMoM 

,n;eJie, HeJierKO o6ttapy:>KHTb, qTo cpyHKIJ;M51 

F(x, y) = 3y2 + x2 + 2xyv'3 - 2y - 2xv'3 
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MOlKeT 6bITb npe,l.l,CTaBJieHa B BH,ll,e 

F(x y) = '!!.. - xv'3 - (:: + y\1'3) 2 
, 2 2 2 2 

H y,l.l,OBJieTBOp5IeT ll3JIOlKeHHOMY BbIIIIe npaBm1y, II09TOMY ee rpa¢HK IIOJiy­

'laeTC51 Bparu;eHHeM napa6oJibI y = x 2 Ha yroJI 60° (cM. pnc. 111). 

Y y = x2 

3 / 

' ' 
2 /; 

1 .// 
...... ' 

2 

3y2 + x 2 + 2xy.J3 - 2y - 2xv'3 = 0 _
1 

·-------..... 
xy = 1 

Y2 - x2 = 2 

PHc. 111 

y 

2 

1 

-1 0 

·---.,,\\-1 

\2 

' . . . . . . . . . . 
' . 
' 
' 
.................... 

1 

PHc. 112 

x2 -y2 = 2 

... xy = 1 ............ ________ . 

2 3 x 

x 

<I>opMyJibI (2) nacT05IIIIero rraparpa¢a rrpHMeH5IIOTC51 'laru;e Bcero ,l.f,JI51 pe­

IIIeHH51 o6paTHo:ti: 3a,l.f,a'In:: OTbICKaHH51 BH,l.l,a ¢yrrKIJ;HH F(x, y), ,l.f,JI51 KOTopoii 

rpa¢HK ypaBHeHH51 F(x, y) = 0 rroJiyqen B pe3yJibTaTe Bparn,eHH51 rpa¢n:­

Ka ypaBHeHH51 f(x, y) = 0, me f(x, y) - H3BeCTHMI cPYHKIJH51. HarrpHMep, 
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Ha:iiTM ypaBHeHMe F(x, y) = 0, ecJIM ero rpa<i>MK noJiyqeH Bparn;ettneM rM­

rrep6oJihI xy = 1 Ha yroJI 315° (-45°). IlpMMemrn: <t>opMyJihI (4), noJiyqMM 
1 

(x - y)(x + y) · 2 = 1, MJIM x2 - y2 = 2 (cM. pnc. 112). 

Y rrpIDKIIemra 

IIocTpoliTe rpa<i>MKM ypaBHeHMM. 

53. y- x = vf2sin x~y *). 

54. 2Y + X = 0. 
55. x = lg(-y). 

- xv'2 + yy'2 =sin ( xv'2 + yy'2). 
2 2 2 2 
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HHBEPCH.SI OTHOCHTEJihHO IIP.SIMOH 

§ 18. fpacl>mm cl>~ f(x) u ftx) 

H83BaHHe HaCTOHm;eli rJiaBhl He HBJIHeTCH o6m;eynoTpe6HTeJihHhlM Tep­

MHHOM. Mw BBeJIH ero c u;eJihID KpaTKOro o6o3Ha'!eHHH paccMaTpHBaeMoro 

B 3TOH rJiaBe npeo6p830BaHHH, no aHaJIOrHH c npeo6p830BaHHeM, H3BeCT­

HhIM no,r:i; H83BaHHeM «HHBepCHH OTHOCHTeJihHO OKPY2KHOCTH». 

TaK 2Ke KaK B cJiyqae HHBepcHH OTHOCHTeJihHO oKpy2KHOCTH, Kor,r:i;a ,ll;JIH 

,r:i;BYX COOTBeTCTBYIOm;HX ,r:i;pyr ,r:i;pyry TO'IeK Tpe6yeTCH HHBapHaHTHOCTh npo­

H3Be,r:i;eHHH paCCTOHHHH OT HHX ,r:i;o u;eHTpa HHBepCHH, npH HHBepCHH OTHOCH­

TeJibHO npHMOH Mhl 6y,r:i;eM Tpe6oBaTh HHBapHaHTHOCTH npOH3Be,r:i;eHHH pac­

CTOHHHH OT ,ll;BYX COOTBeTCTBYIOID;HX TO'IeK ,r:i;o HeKOTOpo:ii npHMOH. B 3TOM 

naparpa¢e TaKOH npHMOH CJIY2KHT OCb a6CIJ;HCC. 
1 

PaccMoTpHM rpa¢HKH cPYHKIJ;Hii f(x) H f(x). O'!eBH,ll;HO, ,ll;JIH o,r:i;Ho:ii 

1 
H TOH 2Ke a6cu;HCChl x npOH3Be,r:i;eHHe f(x). f(x) paBHO 1, T. e. rpa¢HK o,r:i;-

HOH H3 3THX cPYHKIJ;HH o6p83yeTCH B pe3yJihTaTe HHBepCHH rpa¢HKa ,r:i;pyrott 

cPYHKIJ;HH OTHOCHTeJibHO OCH a6CIJ;HCC. . 1 

IlpocTeiimHM npHMepoM CJiy2KaT rpa¢HKH cPYHKIJ;HH y = x Hy=-, xo­
x 

porno H3BeCTHhie 'IHTaTeJiro. B pe3yJihTaTe HHBepcHH 6HcceKTpHChI KOOp,ll;H-

HaTHhlX yrJioB I H III 'IeTBepTH OTHOCHTeJihHO ocH a6cu;Hcc noJiyqaeM rHnep-
1 

6oJiy, H Hao6opoT, - HHBepcHe:ii rHnep60Jihl y = - HBJIHeTCH 6HCCeKTpHca 
x 

Koop,r:i;HHaTHhlX yrJioB I H III '!eTBepTH. 
1 1 

Mw ,r:i;oJI2KHhI c,r:i;eJiaTh Ba2KHoe 3~Me'!aHHe. IlycTh f(x)= ;;' Tor,r:i;a f(x) = 

= x. IlocKOJihKY cPYHKIJ;HH f(x) = - He onpe,r:i;eJieHa B TO'IKe 0, Mhl ,ll;OJI)KHbl 
x 

npHHTH K BhIBo,r:i;y, 'ITO cPYHKIJ;HH y = x He onpe,r:i;eJieHa npH x = O?! Bh1xo-

,ll;OM H3 C03,ll;aBmerocg noJI02KeHHH CJIY2KHT npHMeHeHHe npHHIJ;Hna «npo­

,ll;OJI2KeHHH no HenpepwBHOCTH». YcJIOBHMCH, 'ITO ecJIH f(x) B KaKoii-HH6y,r:i;h 
1 

TO'!Ke Xo He onpe,r:i;eJieHa, HO f(x) --+ ±oo, TO cPYHKIJ;HH -!( ) B TO'!Ke Xo 
x~xo X 

1 
paBHa HYJIID. IlycTh f(x) = ~· IlpH x = 2 cPYHKIJ;HH f(x) ne onpe,r:i;e­

v 1 - x 
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JieHa, HO rrpirne,n;eHHOe Bhiffie rrpaBIIJIO He rrpHMeHHMO, IIOTOMY qTO ycJIOBHe 
1 

f(x) -+ ±oo 3,D;eCb He BhlllOJIHHeTCH H cpyHKIJ;HH f( ) B TOqKe x = 2 TaK)J{e 
X-+Xo X 

He orrpe,n;eJieHa, HO B TOqKe x = 1 cpyHKIJ;HH f ( x) He orrpe,n;eJieHa, a cpyHKIJ;HH 
1 1 

f ( ) paBHa 0. B aToM cJiyqae ~ ---+ oo. 
x yl-xx--+l 

1 
IlocTpOOHHe rpacpHKa cpyHKIJ;HH f(x) ITO TO'!KaM COBeprneHHO oqeBH,lJ;HO. 

Ka)J{,ll;o:tt TO'IKe rpacpHKa cpyHKIJ;HH f(x) c Koop,n;HHaTaMH (x, y) CTaBHTCH 

B COOTBeTCTBHe TQqKa rpacpnKa cpyHKIJ;HH !(~) c KOOp,n;HHaTaMH (x, ~), 
1 

rrpH 3TOM MO)J{HO BOCIIOJih30BaThCH rpacpHKaMH cpyHKIJ;HM y = f(x) Hy= -
x 

(cM. pHC. 113). 

:\. /: 
---- i'',_ D,/i --r- _ ............. I 

' -- ' : ' : ! -..( 
! i \ 
i i \ 
i D' i \ 

I(\! 

y 

1A* A y=f(x),,--¥ 
Q -----t;.--........ ,.···'/' /l, ',\ 

/ :::.:. ', \\ B' G/ 1 
1 p'' , 'y- -A;-- ' , ______ , - f(x) 

0 p R 

-1 

-2 

I 

I -3 
I 

PHC. 113 

-. B - - - C' 

2 3 

1 
f(x) H f(x) 

4 x 

IlycTh f(x) - HeKOTOpag cpyHKIJ;HH, 3a,D;aHHaH CBOHM rpacpHKOM, H306-

pa)J{eHHblM Ha pHc. 113 npephIBHCToii JIHHHeii; rpacpHK cpyHKIJ;HH y = .!. , 
x 

(rnrrep6oJia) H3o6pa)J{eH rryHKTHpOM. :JKeJiaH IlOCTpOHTb rpacpHK cpyHKIJ;HH 
1 f ( x) , Mhl ,D;OJI)J{Hhl Ka)J{,n;oii ToqKe A rpacpHK~ cpyHKIJ;HH f ( x) rrocTaBHTh 

B coOTBeTCTBHe TO'IKY A' rpacpHKa cpyHKIJ;HH f(x). ToqKy A' MO)J{HO HaHTH 

nocTpoeHHeM. CttaqaJia aaii,n;eM TOqKy A*, HMe101u;yro TaKyro )J{e op,n;ntta-



§ 18. rPA<l>l1K11 <l>YHKI..1;11VI f(x) 111/ f(x) 93 

1 
TY y, qTo H TOqKa A, H rrpHHa,!J;Jie2Kauzyro rHrrep6oJie - (cM. pHc. 113). Tor,!l;a 

x 1 
no CBOHCTBY rHrrep6oJihl OTpe30K A* Q = 0 P ,!J;OJI2KeH 6bITb paBeH - , T. e. 

y 
op,!J;HHaTe TOqKH A'. A6c!IHCCbI ToqeK A H A' paBHbI. OcTaeTcsr OTJI02KHTb 

OT ToqKH R oTpe3oK RA'= OP, - H TOqKa A' rrocTpoeHa. 

TaKHM crroco6oM M02KHO rrocTpOHTb CKOJibKO yro,!J;HO TOqeK rpacl>HKa 
1 

cPYHKI!HH f(x). Pa3yMeeTc.H, qeM 60JibIIIe TOqeK rpacl>nKa rrocTpoeHo, TeM 

TOqHee caM rpacl>nK; HO He CJie,!J;YeT 3a6bIBaTb, qTo BCSIKHM rpacl>HKOM 

cPYHKI!HSI 3a,!J;aeTCSI TOJlbKO npu6.//,Ua/Cetttt0 H rpacl>HKH cPYHKI!HH HCIIOJ1b3y­

IOTCSI qaIIIe He ,!J;JUI pacqeTOB, a ,!J;JISI COCTaBJieHH.H o6rn;ero rrpe,!J;CTaBJieHHSI 

o xapaKTepe cPYHKI!HH, ee oco6eHHOCTsrx. IIoaTOMY He cJie,!J;YeT cTpeMHTbCSI 

K IIOCTpoeHHIO MaKCHMaJibHOro qHCJia TOqeK. Hy2KHO CHaqaJia ycTaHOBHTb 

HeIIO,!J;BH2KHbie TOqKH rrpH ,!l;aHHOM rrpeo6pa30BaHHH, T. e. TOqKH, B KOTOpbIX 
1 

J(x) = 1. ,Il;eii:CTBHTeJibHO, ecJIH f(x) = ±1, TO H f(x) = ±1. Ha HarneM 

pncyHKe aTo TOqKH E, F H G. 
3aTeM Ha rpacl>HKe cPYHKIIHH f(x) CJie,!J;YeT OTMeTHTb xapaKTepHbie Toq­

KH (JIOKaJibHbie ::lKCTpeMyMbI, TOqKH rrepern6a, TOqKH pe3KOro H3MeHeHHSI 

cPYHKI!HH HT. ,!J;.). Ha pnc. 113 aTo TOqKH A, B, CH D. IloJie3HO TaK2Ke Ha­

HeCTH HeCKOJibKO rrpoMe2KyTOqHbIX ToqeK. IIocJie IIOCTpoeHHSI COOTBeTCTBy-
1 

rorn;Hx ToqeK rpacl>HKa cPYHKI!HH f(x) (A', B', C', D') CJie,!J;YeT ycTaHOBHTb 

1 
aCHMIITOTbI rpacl>HKa cPYHKI!HH f(x). MbI paccMOTpHM TOJibKO acHMIITO-

TbI, rrapaJIJieJibHbie KOOp,!l;HHaTHbIM OC.HM. EcJIH cPYHKI!H.H f (x) o6paIIIaeTC.H 

B HYJib B TOqKe Xol T. e. f (xo) = 0, TO cPYHKI!H.H !(Ix) B 3TOH TOqKe He orrpe­

,!J;eJieHa, O,!J;HaKO f(x) 7 ±oo, II03TOMy rrp.HMa.H x = Xo CJIY2KHT aCH~IITOTOH 

rpacl>nKa cPYHKI!HH f(x). B HarneM rrpHMepe rpacl>HK cPYHKI!HH f(x) HMe­

eT ,!l;Be aCHMIITOTbI, napaJIJieJibHbie OCH Op,!J;HHaT, rrpOX0,!1;.HIIIHe qepe3 TOqKH, 

B KOTOpbIX f(x) o6paIIIaeTC.H B HYJib (cM. pHC. 113). 
1 1 1 

EcJIH J(x) --+ a, TO -f( ) --+ -, II03TOMY rrp.HMa.H y = - .HBJI.HeTC.H 
x-+±= x x-+±CX> a a 

1 
acHMIITOTOH rpacl>nKa cPYHKI!HH f(x). Ha pnc. 113 TaKHX aCHMIITOT HeT, HO 

qHTaTeJib HaH,!l;eT HX B CJie,!J;YIOIIl;HX rrpHMepax (cM. pHc. 118). 
1 

EcJIH f(x) --+ ±oo, TO -f( ) --+ 0, rro::1T0My ocb a6c!IHCC CJIY2KHT acnMrr-
x-+±= X 

TOTOH rpacl>HKa cPYHKI!HH !(~) (cM. pHC. 114 H 117). 

PaccMoTpHM HeCKOJibKO rrpHMepoB rrocTpoeHH.H rpacl>HKOB cPYHKI!HH ftx) 
,!J;JISI HeKOTOpbIX xoporno H3BeCTHbIX B cpe,!J;Heii: IIIKOJie cPYHKI!HH f ( x). 
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1 
y Y = 2x -1 

2 

1 

Pnc. 114 

y = 2x -1 

1 
f (x) 

1 
2x -1 

x 

1 
2x -1 

IlyCTb f(x) = 2x - 1 (cM. pHC. 114) H He06XO,ll,HMO IIOCTpOHTb rpa¢HK 
1 

¢yttKIJ;Irn y = -
2
--. Bh!rroJimr.a H3JimKeHHhie Bhillie Tpe6oBaHmi:, rrocTpOHM 
x-1 1 

rrpe,1],BapHT8JibHO rpa¢HKH cPYHKI.IHM y = 2x - 1 Hy=-. 'YcTaHaBJIHBaeM Ha 
x 

rpa¢HKe cPYHKI.IHH y = 2x - 1 Tff'IKH, OCTaIOII.IH8C5I H8110,ll,BH)f(HbIMH IIpH HH-

BepCHH, T. e. Tff'IKH c op,ll,HHaTaMH ±1. Ha pHc. 114 3TO ToqKH AH B. 3aTeM 
1 u 

CTpOHM aCHMIITOTy x = 2 H 3aMeqaeM, qTo aCHMIITOTOH ,ll,OJI)f(Ha CJiy)f(HTb 

TaK)f(8 OCb a6CI.IHCC. Terrepb OCTa8TC5I IIOCTpOHTb CTOJibKO TOqeK rpa¢HKa 
1 

cPYHKI.IHH 2x - 1' CKOJibKO 6y,l],eT coqTeHO ,ll,OCTaTOqHbIM, B 3aBHCHMOCTH OT 

CT8118HH TOqHOCTH IIOCTpoeHH:f 

I'pa¢HK cPYHKI.IHH y = -2 1 MO)f(HQ paCCMaTpHBaTb TaK )Ke, KaK rpa-
x - 1 

cPHK cPYHKI.IHH J(kx + b), ecJIH f(x) = -. Tor,lJ,a OH MO)f(8T 6hITh rrocTpoeH 
x 1 

B pe3yJibTaTe C)f(aTH5I B 2 pa3a rpa¢HKa cPYHKI.IHH - KOCH x = 1 (cM. § 13). 
x 

Ha pHc. 115 ,ll,JI5I cpaBHeHH5I IIOKa3aH 3TOT crroco6 rrocTpoeHH5I. 

Ha pHc. 116, 117, 118 mo6pa)f(eHhI rpa¢HKH cPYHKI.IHit y = 2 ~ 1, 
x + x-

y = logx 2 H y = 2x ~ 3' IIOCTp08HHbI8 KaK rpa¢HKH cPYHKI.IHM f (Ix) . 

ax2 +bx +c 
B § 15 paccMaTpHBaJic5I rpa¢HK cPYHKI.IHH BH,ll,a y = d . 

x+e 
Ceitqac rrpe,1],cTaBJI5IeTc5I B03MO)f(HOCTb paccMoTpeTh rpa¢HK cPYHK-

dx + e ( 6 u u u ,ti. ) 
I.IHM y = ax2 + bx+ c ,ll,PO HO-JIHH8HHOH KBa,1],paTHqHOH '±'YHKI.IHH KaK 
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1 
y y=2x-1 

2 

1 

-2 -1 

·-----------------------,\ 
1 

\ II 

\2 

PHC. 115 

\ 
\ 
\ 

1 
y = x2 + 2x -1 

-2 -1 

----r----L\_ 
y = - i ,----- -, 

y 

2 

1 

0 

x !:::::::, '·-----,\, , _/\2 
1 

y = x2 + 2x -1 

PHC. 116 

2 3 x 

1 
f(x) = -, 

x 
1 f ( kx + b) = 2x _ 1 

1 2 3 x 

f(x) = x2 +2x -1, 
1 1 

f(x) = x2 + 2x - 1 

95 
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ax2 +bx+ c 
pe3yJihTaT HHBepcmi rpa¢HKa <i>YHKliliH y = d OTHOCHTeJibHO OCH 

x+e 
a6c:u;Hcc. Hamn 3aMe'!auna no noBo.zzy nocTpoeHna rpa¢nKa ¢YHKIJ;HH y = 

ax2 + bx+c 
= dx + e 'c,n;eJiaHHhie B KOH1le § 15, 1IeJIHKOM OTHOCHTCH K IIOCTpOeHmO 

dx+e 
rpa¢mca ¢YHK1IIIH y = 2 b . 

ax + x+c 

y 

2 

1 
y= -

x 
' ' ' ' ' ' ' ' ' . 

' . 
y = log2 x .,., 

1 
\\ \ 

>--,,y. / 
1 / ----------------· 

1 2 3 4 x 

f(x) = log2 x, 
1 1 

f(x) = log2 x = logx 2 

P11:c. 117 

y 

2 

1 

-2 -1 1 
--------------------------0 ________________ ltf---------------3-- x 

1 ,/ r f(x) = 2x - 3, 

y ~--2'--~-~------~: . I /(~) ~ ~ ~ 3 
P11:c. 118 



§ 19. rPA<l>l'.IKl'.I <l>YHKIJ;l'.IH j(x) l1 f(l/x) 

¥npaxrnemm 

IlocTpOHTe rpa<l>HKH <l>YHK~H. 
56. y = cosecx. 

1 
51.y=--. -. 

arcsmx 
1 

58.y=--
arccosx 

§ 19. fpacpHIOI cpyBKQBii /(x) Hf(;) 

97 

B 3TOM rraparpa¢e MhI paccMoTpHM rpa¢HKH <l>YHKIJ;HH BH,LI,a f (;.) , aB­

muoru;Heca pe3yJlhTaTOM HHBepCHH rpa¢HKa cPYHKIJ;HH f(x) OTHOCHTeJlbHO 

OCH Op,Ll,HHaT. 

PaBeHCTBo f (~) = f(x) crrpaBe,Ll,JIHBo, ecnH J_ = x, T. e. xx3 = 1. 
x x1 

Jiro6oH: ToqKe M(x, y) rpa¢HKa cPYHKIJ;HH f(x) cooTBeTCTByeT ToqKa 

Mi(x1, Y1) rpa¢HKa cPYHK~H f ( ~), ecJIH x1 = ~ H Y1 = y; aTo 03HaqaeT, 

qTO rpa¢HK cPYHKIJ;HH f (;.) MO)K:T 6bITb rronyqe~ B pe3yJibTaTe HHBepCHH 

rpa¢HKa cPYHKIJ;HH f(x) OTHOCHTeJibHO OCH op,Ll,HHaT. ,ll;JIR IIOCTpOeHHR rpa­

cPHKa cPYHKIJ;HH f (;.) y,n;o6ao BOCII0Jlb30Ba TbCR rHnep6oJIOH y = ;. . 

y 

c\ ____ A _____ f (~) ~-~-~(x) 
/ \ I --------------------------------------------------------, --- --- \-------------·"·--------------------r---(1) / \ \ / 

f x ,/Q' 1 -----~-~--------~~-~~~,Jt__./ 
I If ........ 1 /p11 B ._ _ 1B' 

E,l • t - -, : 

0 1 2 D 3 4 x 

Y = f (x) H f (~) 
\ 
\ -2 

PHc. 119 

Ha pHc. 119 BhIITOJIHeHo rrocTpoeHHe rpa¢HKa <l>YHKIJ;HH f ( .!. ) KaK pe-

3JJlhTaTa HHBepCHH rpa¢HKa cPYHKIJ;HH f ( x) OTHOCHTeJibHO oc?i Op,Lf,HHaT. 
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ToqKn rpa¢nKa ¢YHKu;nn !(;), cooTBeTCTByrom;ne TOqKaM A, B, C, D 

rpa¢nKa ¢YHKIJ;HH f ( x), o6o3HaqeHhI 6yKBaMn A", B", C", D". Ha pn­

cyHKe rroKa3aHo rrocTpoemre TOqKn B", cooTBeTCTByrom;eli ToqKe B. ToqKa 

B" ,JJ,OJDKHa nMeTh TY )Ke op,JJ,nHaTy, qTo n ToqKa B (BP= OQ), a6cu;nc­

cy )Ke TOqKn B" Hali,JJ,eM rrocTpoeHneM; oHa paBHa oTpe3KY PB', KOTOphIH 

HaxO,JJ,llTCH c IIOMOIIJ;h!O rnrrep60JibI. Ilo CBOHCTBY rnrrep60Jibl y = .!:., T. e. 
1 x 

PB'=-, ecJin OP= QB= x. IIocTponB QB'= PB', Hali,JJ,eM TOqKy B". 
x 

TaKHM crroco6oM MO)KHO rrocTpOHTh Jiro6oe qncJio ToqeK rpa¢nKa ¢YHK-

u;nn f (;) . II pn Bb16ope ToqeK cJie,JJ,yeT pyKoBO,JJ,CTBOBa ThCH 3aMeqaHHeM 

ll3 § 18. IlpH HHBepcnn rpa¢nKa ¢yHKIJ;llll f(x) OTHOCHTeJibHO OCH Op,Il,ll­

HaT OCTa!OTCH HeIIO,Il,BH)KHbIMll TOqKH c a6cu;nccaMH ±1. ,Il;eHCTBHTeJibHO, 

f(±l) = f (11). Ha pnc. 119 aTo TOqKn An E. 3aMeTnM, ,JJ,a.Jiee, qTO rrpn 

x = 0 ¢yHKu;ns f (.!:.) He orrpe,JJ,eJieHa, HO ecJIH f(x) --+ a, TO f (.!:.) --+ a, 
X x-+±cxo X x-+O 

ll rroaTOMy, rrpnMeHHH rrpHHIJ;llll «IIpO,JJ,OJI)KeHHH 110 HerrpepbIBHOCTH», MO)KeM 

IIOJIO)KllTb f (;) = a rrpn x = 0. 

y 

2 

1 

-3 \, -2 -1 0 / 
' : ' . ' . 
\ -1,/ -----------------··\;:_:··--------------- ----- ------------------------------------------

. J(x) = x2 + 2x - 1, 

1 x 

\''\ ...... 
f (.!.) = _!__ + ~ _ 1 = 1 + 2x - x

2 

x x2 x x 2 

Pnc. 120 

PaccMoTpHM Terreph acnMIITOThI rpa¢nKa ¢YHKIJ;HH f (;) , rrapa.JIJieJih­

Hhre KOOp,JJ,HHaTHbIM OCHM. EcJIH f(O) =a, TO f (.!:.) -t all rrpsMaH y =a 
X x-+±cxo 
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.HBJUieTC.H aCHMIITOTOH rpacj;rnKa ¢YHKD;HH f ( ~) ' rrap8..7IJieJibHOH OCH a6c­

D;HCC HJIH coBrra,z:i;arorn;eil: c OChIO a6cu;Hcc (rrpH a= O); CM. pHc. 120 H 121. 

EcJIH )Ke f(x) ~ ±oo, TO rpa¢HK ¢YHKD;MH f (.!.) He HMeeT acHMIITOT, 
x-o x 

rrap8..7IJieJibHbIX OCH a6cu;HCC (cM. pHC. 122). 

' ' ' ' ' ' ' ' ' ' ' 

\.~ ctgx 

' ' 
'•, 

' ...... , 

-2 

-3 

y 

3 

2 

1 

y 

2 
°" ·$ 

1 

(J 

/,~ ~ / . 1 
/ y = arcs1n-,,, x 

,,,'' 

-2 

PMC. 121 

1 
y = ctg­

x 

•' :\ ., 
!\ y = ctgx 
1 \ 
' . ' . 
! \ 
' . 
' ' 
i \\ 
' ' 

I . 

PMc. 122 

1 2 3 x 

f(x) = arcsinx, 

f ( ~) = arcsin ~ 

1 
y = ctg­x 

3 

' ' ' ' ' ' ' . 
' ' ' 
\~ctgx 

' 

' 

4 

'•, 
'\ .... , 

',, x 

f(x) = ctgx, 

f (~) = ctg ~ 
aCHMIITOTbI: 

1 1 
x = :rr' x = 27!' ' ... 
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EcJIH f(x) ---+ ±oo, To f (.!.) ---+ ±oo, cTa.n:o 6bITh, rrp5IMa5I 
l x->a X x-+l/a l 

x = ;;, .HBJI.HeTC.H acHMIITOTOH rpa¢nKa ¢yHKWfH f (-;) , rrapa.n:JieJibHOH 

ocn ogn;nHaT (cM. pnc. 122). B qacTHOCTH, ecJIH J(x) ---+ ±oo, TO 

f (.!.) ---+ 00 H aCHMIITOTOH rpa¢HKa ¢YHKIJ;HH f (.!.) CJIY~:~
00

och op,n;H-
x X-+0 X 

HaT (cM. pnc. 120). 
H~nm paccy)K,Il;eHH.H 06 acHMIITOTax rpa¢nKOB ¢YHKIJ;Hii ftx) (cM. § 18) 

Hf(-;) (cM. § 19) HeJib3.H C"'IHTaTh CTpOrHMH. 0HH ,n;aIOT y,n;o6Hoe B rrpaK­

THKe rrpaBHJIO ,ll;JI.H IIOCTpOeHH.H aCHMIITOT, rrapa.n:JieJibHhIX KOOp,ll;HHaTHbIM 

OC.HM. Borrpoc 06 acHMIIToTax, He rrapa.n:JieJihHbIX Koop,n;HHaTHbIM oc.aM, 

3,)];eCb BOBCe He paccMaTpHBaJIC.H. 9TH BOIIpOCbl BbIX0,11;.HT 3a paMKH Ha­

CTO.HIIJ,eii KHHrH, CTporoe HX H3JIOJKeHHe "'IHTaTeJib Haii,n;eT B JII060M Kypce 

,n;n¢¢epenwra.n:bHOii reoMeTpHH HJIH B rJiaBax MaTeMaTH"'IecKoro aHa.n:H3a, 

nocB.HIIJ,eHHbIX reoMeTpnqecKHM rrpHJIOJKeHH.HM*). 

YMeHHe CTpOHTb rpa¢nKH ¢YHKIJ;Hii f(lx) H !(~) ,n;ocTHraeTc.H He 

CTOJibKO 03HaKOMJieHIIeM c H3JIOJKeHHbIMH B § 18, 19 rrpaBHJiaMH, CKOJibKO 

caMOCTO.HTeJibHbIMH yrrpaJKHeHH.HMH, KOTOphre Mbl HaCTO.HTeJibHO peKOMeH­

,n;yeM "'IHTaTeJIIO. 

YnpIDKHemm 

IIocTpoiiTe rpa¢nKH ¢YHKIJ;Hii. 

59. y =sin.!.. 
x 

1 
60. y = 2-x. 

1 
61. y = arccos - . 

x 

62 
_ x2 + 2x -1 

· Y- x2 ( y = 1 + 3. - 2-). 
x x2 

•)CM., HarrpnMep, Pa III e B c Kn ll: 11. K. Kypc .n;mp<l>epeHIW:aJibHOll: reoMeTp1rn. -
OHTII, 1938 (rn. 1, § 10). 



fJ1ABA 6 

HEKOTOPhlE HE3JIEMEHTAPHhlE 4lYHKlJ;lUI 
II IIX f PA 4l IIKII 

§ 20. «PymcIJ.IDI Ix J, ee rpaqmx. fpa<l>HKH <l>yHKII,Hii If ( x) I H f (Ix I) 
KaK H3BeCTHo, lxl = x, ecmr x ~ 0, H JxJ = -x, ecJIH x ~ 0. Ilo3TOMY .i:i;mr 

ITOJIQ)KHTeJihHbIX 3Haqemril: apryMeHTa x rpa¢HK cPYHKI1HH y = Jxl COBna.i:i;a­

eT c rpaq:rnKoM y = x, a .n;mr OTPHI1aTeJihHhIX 3HaqeHHil: apryMeHTa rpa¢HK 

cPYHKI1HH y = lxl COBna.n;aeT c rpa¢HKOM cPYHKI1HH y = -x (cM. PHC. 123). 

y 

3 

2 

-3 -2 -1 1 2 3 x 

-1 f(x) = lxl 

PHc. 123 

<l>yHKIIH5! y = Jxj, oqeBH.IJ;HO, qeTHa5!, ee rpa¢HK CHMMeTpHqeH OTHOCH­

TeJibHO OCH Op.IJ;HHaT. 

PaccMoTpHM rpa¢HK ¢YHKI1MH y = Jf(x)J. ,Li,JI5! 3HaqeHHil: apryMeHTa x, 
npH KOTopbIX f(x) > 0, rpa¢HK cPYHKI1MM y = Jf(x)J coBna.n;aeT c rpa¢HKOM 

cPYHKI1MH y = f(x); .J];JI5! Tex 3HaqeHHH apryMeHTa, npH KOTOpbIX f(x) < 0, 
rpa¢HK cPYHKI1MH y = Jf(x)J .n;omKeH coBna.n;aTh c rpa¢HKOM y = -f(x). 

TaKHM o6pa30M, ajl,Jl nocmpoettUJl 2paefju'K",a y = lf(x)J ny~no coxpa­
'H,Um'b "{aCmU 2paefjU'K",a efjytt'K",'IJ,UU f(x), ttaxoaJlW,UeCJl naa OC'b'/O a6c11,ucc, 
a a.11,Jl "{aCmeu zpaefjU'K",a efjytt'K",'IJ,UU f(x), ttaxoaJlW,UXCJl noa OC'b'/O a6C'IJ,UCC, no­
cmpoUm'b u.M cu.M.Mempu"{tt'bte omnocume.n,'bno ocu a6c11,ucc (cM. pHc. 124). 
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y 

Y = IJ(x)I 

'•, / -l 0 ...... __ .... 1 2 3 4 x 

y = f(x) -1 f(x) H lf(x)J 

PHc. 124 

y 
y = J lgxJ 

1 

0 ://_,,.-- 1 

-1 / 
{ y = lgx 

2 3 x 

f(x)=Igx, 

IJ(x)J = J lg xi 

PHc. 125 

y 

3 y = lx2 + 2x - 1 I 

-3 \-2 -1 0 / 1 2 x 
\,, I 2 _ 1 : f(x) = x + 2x - 1 = 

\ 
\ ,,/ =(x+1)2 -2, 

'•, 
y = x2 + 2x _ 1'',, __ ___,::._2 lf(x)I = lx2 + 2x -11 

PHc. 126 



§ 20. <I>YHKU:M51 lxl, EE I'PA<I>MK. rPA<I>MKM <I>YHKU:MH lf(x)I M f(lxl) 103 

IIo 3TOMY rrpaBirny rrocTpoeHhI rrpHBe,n;eHHhie Ha pHc. 125-127 rpacpHKH 

cpyHKIIHH y = J lgxJ, y = Jx2 
- 2x - lJ Hy= J arcsinxJ. 

rpacpHK cpyHKlJ;HH y = f(Jxl), oqeBH,ll;HO, COBrra,n;aeT C rpacpHKOM cpyHK­
IJ;HH f(x) ,n;m1 Bcex HeOTPHIJ;aTeJihHbIX 3HaqeHHH apryMeHTa x. )J;m1 OTpHii;a­

TeJihHblX 3HaqeHHH x HMeeM f(Jxl) = f(-x), II03TOMY Mbl rrpHXO,ll;HM K CJie­

,ll;JIOIIJ;eMy rrpaBHJiy: 2pa<fiu'X: <fiytt'li:U,UU f(Jxl) cu.M.Mempu"te'lt omttocumM'b'HO 
ocu opauttam; npu amo.M aJl,.R, 'lteompuu,amM'b'lt'btX 3'/ta"te'HUU ap2y.Mettma X 
ott coenaaaem c 2pa<fiu'X:o.M <fiytt'X:u,uu f(x) (cM. pHc. 128). 

-3 

y 

y = I arcsinxJ 2 

1 

-2 1 2 x 

f(x) = arcsinx, 

Jf(x)J = J arcsinxJ 
y = arcsinx _ 2 

Y = f(JxJ) 

PHC. 127 
y 

\,, ,/ -1 0 
......... __ .. , 

-1 

PHc. 128 

1 2 3 4 x 

f(x) H f(JxJ) 

XapaKTep rpacpHKa cpyHKIJ;HH f(x) rrpH OTpnii;aTeJihHhIX 3HaqeHH.HX x 
He HrpaeT HHKaKoii: poJIH ,ll;JI.H rrocTpoeHH.H rpacpHKa cpyHKIJ;HH J(JxJ). Ha 

pHC. 129-131 rrpHBe,n;eHhl rrpnMepbI IIOCTpOeHH.H rpacpHKOB cpyHKIIHM f(JxJ), 
a nMeHHo: y =lg JxJ, y = JxJ 2 - 2JxJ - 1Hy=2lxl. 
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y 

1 

0 

-1 

2 3 x 
f(x) = lgx, 

f(/x/) =lg /x/, 
lgx = lglxl 

P11c. 129 

y = x2 -2x-1 y 

\ 2 

\ 
Y = lxl 2 

- 2lxl - 1 \ 

-1 \ 0 
\ 

-1· 

-2 
f(x) = x2 

- 2x - 1 = (x - 1)2 
- 2, /(lxl) = lxl2 - 2lxl - 1 

__ :_=_:_~-----------------
-2 -1 

y 

3 

2 

P11c. 130 

,/ 1 

0 1 

-1 

P11c. 131 

f(x) = 2x, 

J()xl) = 2lxl 

2 3 x 



§ 21. <I>YHK11;1I5I [x), EE rPA<I>HK. rPA<I>HKH <I>YHKIJ;HR [f (x )) H J([x]) 105 

Y rrpIDKHemrn 

IlocTpo:M:Te rpa¢HKM cPYHKIJ;HM. 

63. y = lx2 + 2x -11-
64. y = lxl2 + 2lxl - 1. 
65. y =I sin xi. 

66. y =sin Ix!. 

67.y=l~I· 
68. y = arccos Ix!. 

§ 21. ~YHKD;IDI [ x], ee rpa<l>HK. fpa<l>mm <l>Y~ [/ ( x) J H f ( [ x]) 

CnMBOJI [x], r,n;e x - mo6oe ,n;e:M:cTBMTeJihHOe qMCJio, o6o3HaqaeT u;eJiyIO 

qaCTb qHCJia x, T. e. ttau60.11:bwee 'l{MOe "iUC.JtO, He rrpeBOCXO,IJ;RID;ee x. lIHO­

r,n;a 3TOT CMMBOJI qMTaeTC.H KaK «aHTbe OT x». Han6oJiee y,n;o6Hoe Ha3BaHMe 

aToro CMMBOJia - xapa'K:mepucmu'K:a qMCJia x. IlocJie,n;HMM Ha3BaHMeM MhI 

M 6y,n;eM IlOJib30BaTbC.H. lITaK, xapaKTepHCTHKOM mo6oro ,n;e:M:CTBHTeJibHOro 

qJfCJia Ha30BeM HaM60JibIDee u;eJioe qncJIO, He rrpeBOCXO,ZJ;.HIIJ;ee ,n;aHHOe qMCJIO. 

HarrpHMep, 
[2,3] =2, [O, 7] =0, [-7r] = -4. 

TaKMM o6pa3oM, mo6oe qMCJIO x y,n;oBJieTBOpReT cooTHomeHM.HM 

[x] ~ x < [x] + 1. 

YrroTpe6MTeJihHOe B Kypce aJire6pbI orrpe,n;eJieHMe xapaKTepMCTHKM ,n;e­

CRTHqHoro JIOrapM¢Ma qncJia OTBeqaeT npMBe,n;eHHOMY BhIIDe o6rn;eMy orrpe­

,n;eJieHMIO xapaKTepMCTMKH qJfCeJI. 

fpa¢nK cPYHKIJ;Hll y = [x] rrpe,n;cTaBJI.HeT co6oH: KaK 6hI «JieCTHMII,y» 

(cM. pHC. 132). ,ll;eliCTBHTeJihHO, rrpH BCex 3HaqeHH.HX x, y,n;oBJieTBOp5IIOIIJ;llX 

COOTHOIDeHHRM 0 ~ x < 1, BblIIOJIH5IeTC5! paBeHCTBO [x] = 0. ,ll;JI5! 1 ~ x < 2 

MMeeM [x] = 1 n T. ,n;. 
PaccMoTpHM rpa¢nK cPYHKll;HH y = [f ( x) J. ,ll;JI5I rrocTpOeHM5! TaKoro rpa­

cPMKa pa306beM o6JiaCTb orrpe,n;eJieHH5! cPYHKll;Mll f ( x) Ha npoMe)J{yTKlJ, ,IJ;J15I 

Ka)J{,ZJ;OI'O ll3 KOTOpbIX BbIIlOJIH5IIOTC5! COOTBeTCTBeHHO COOTHOIDeHH5!: 

-3 ~ f(x) < -2, 

-2 ~ f(x) < -1, 

-1~f(x)<0, 

O~f(x)<l, 

1 ~ f(x) < 2, 
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y 

3 --
2 --
1 

-3 -2 -1 0 1 2 3 4 x 

-1 

-- -2 

-- -3 

P11c. 132 

y 
f (x) 

-2 
-1 0 1 2 3 4 x 

-1 
f(x) H [/(x)] 

P11c. 133 

y 

\ 4 

~\ 3 

~ .. \ 2 

.......:..,\, 1 

' ......... 

y = x2 

I 
! 
/- y= [x2] 

__ // 
-2 -1 0 1 2 x 

f(x) = x2 H [/(x)) = [x2) 

P11c. 134 



§ 21. <l>YHK11J15I [x], EE fPA<l>l1K. fPA<l>I1Kl1 <l>YHKI(l1H [!(x)] I1 f([x]) 107 

TaKoe pa36nemre MO:lKHO ocyrn;ecTBHTh Ha caMOM rpaqmKe cPYHKIJ,HH 
f(x) (cM. pnc. 133). ,Il;Jrn Ka)K,ll;oro H3 rrpoMe:lKyTKOB COOTBeTCTBeHHO no-

JIY'IHM 

[f(x)] = -3, 

[f(x)] = -2, 

[f(x)] = -1, 

[f(x)] = 0, 

[f(x)] = 1 

Ilo9TOMy rpa¢HK cPYHKil,HH [f(x)] 6y,z:i;eT HMeTb BH,ll; «JieCTHHil,hI», 
«CTyrreHbKH» KOTOpoii HMeIOT pa3HYIO ,ll;JIHHY H pa36pocaHhI B 6ecrrop&,z:i;Ke 
(cM. pHC. 133). 

Ha pHc. 134, 135 rrpHBe,z:i;eHhI rpa¢HKH ¢YHKil,HM y = [x2] H y = [sinx]. 

y 

y = sinx 
,,, .. -- ... --•--........... 

',,-3 ,/y = [sinx] 2 ',,',,, 
,' .... 

1 

'',,,',,, -2 -1 ,/ 0 1 2 3 '-.x 

--,,__ ___.// f(x) = sinx, 
----"--""----+-1 

[f(x)] = [sinx] y = [sinx] 

Puc. 135 

y 
f ([x]) 

, ...... 
2 ,,,.. .. ---~ ,,'',,,/' 

,' \\ 
,,,' 1 .......... __ ....... -

f(x) 

, 
, \ -2 

0 1 2 3 4 x 

-1 
f(x) H J([x]) 

Pnc. 136 
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HapH.z:ty c rpa<PHKOM cPYHK~H [f(x)] CJie.z:tyeT pacCMOTpeTb rpa<PHK 

cPYHKD;HH f ([x]). ,Ii;JIH ero IIOCTpOeHHH CJie.z:tyeT pa36HTb o6JiaCTb orrpe,n,e­

JieHHH cPYHKIJ;HH f ( x) Ha rrpoMe)J{yTKH 

-2~f(x)<l, 

-l~j(x)<O, 

O~f(x)<l, 

1 ~ j(x) < 2, 

y 

. 4 I-­I y~ [x]' 
3 

2 

'\1 
/"~x' 

'" ........ ,,'' 

//----­
/ 

-3 -2 -1 0 1 2 x 

f(x) = x2 , f([x]) = [x)2 

PHc. 137 

B Ka)J{,II,OM H3 aTHX rrpoMe:lKyTKOB IIOJIY'IHM cooTBeTCTBeHHO 

[J(x)] = f(-2), 

[f(x)]=f(-1), 
[f(x)] = f(O), 

[f(x)] = f(l), 

TaKHM o6pa3oM, rpa<PHK HMeeT BH,ll, (cM. pnc. 136) «JieCTHHD;hI» c 6ecrro­

PH,II,O'IHO pacrroJio:iKeHHhIMH «CTyrreHbKaMH», HMeIOID;HMH o,n,Hy II TY :lKe ,II,JIH­

Hy. Ha pHC. 137 H 138 IIOCTpOeHbI rpacPHKH cPYHKD;IIM y = [x]2 H y = sin[x]. 
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y 

y = sin[x] 
1 ........... --..... 

1 2 3 '-.x 

f(x) = sinx, 

-1 f ([x]) = sin[x] 

Pnc. 138 

¥npIDKHemm 

IIocTpoliTe rpaqrn:KM cPYHKIJ;M.li. 

69. y = [2x]. 
70. y = [arccosx]. 

71. y = [x2 - 2x - 1]. 
72. y = 2[xJ. 
73. y = arccos[x]. 

74. y = [x] 2 - 2[x] - 1. 

§22. 4>y~ {x}, ee rpa<l>mc. fpa<l>mrn <l>YHI<I¢i {f(x)} 11 f({x}) 

CttMBOJI { x} o6o3HaqaeT ,n;po6Hyro qacTh ,n;eii:CTBMTeJihHoro qttcJia. Mb1 

6y,n;eM Ha3bIBaTh ero MaHTMccoli qttcJia. Orrpe,n;eJieHtteM BeJittqMHhI { x} MO­

:lKeT CJIY:lKMTb COOTHOilleHMe 

x=[x]+{x}, 

T. e. Ka)K,Ll;Oe ,n;eii:cTBMTeJibHOe qMCJIO paBHO cyMMe CBOeli xapaKTepMCTHKH 

H MaHTMCCbl. lfa 3TOro orrpe,n;eJieHM51 CJie,n;yeT, qTQ MaHTHCCa qHcJia Bcer,n;a 

HeoTpnu;aTeJibHa (T. e. rroJIO:lKMTeJihHa MJIM paBHa HyJiro) n MeHbme e,n;nHH­

IJ;hI. ,Ue:iiCTBJ-JTeJibHO, 0 ~ x - [x] = { x} < 1. 
Ilp1rne,n;eM HeCKOJibKO rrpMMepoB: 

{3} = 0, {3,35} = 0,35, {-3,35} = 0,65. 

IIp1rne,n;eHHOe Bhime orrpe,n;eJieHne MaHTHCChI qMCJia BKJIIOqaeT B ce651, 

KaK qacTHbIM CJiyqaii:, H3BeCTHOe orrpe,n;eJieHHe MaHTHCCbl ,n;eC51THqff0rO JIO­

raptt¢Ma qMcJia. QqeHb qacTO B pa3JIHqHblX Ta6Jmu;ax IIOMeIIIaIOT He CaMM 

qMcJia, a MX MaHTMCCbI (cM., HarrpnMep, Ta6JIHIJ;bI Bpa,n;ttca). 

,UJI51 IIOCTpoemrn rpa¢ttKa cPYHKIJ;HH y = { x} y,n;o6HO BOCIIOJib30BaTb­

C51 COOTHOilleHMeM {x} = x - [x], T. e. paCCMaTpJIBaTb HCKOMbIH rpa¢JIK 
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KaK «pa3HOCTh» rpa¢MKOB ¢YHKti;Mii: y = x M y = [x]. BhIIIOJIH5.l5.l rrocTpo­

eHMe, IIOJIY'IHM rpa¢HK <l>YHKIJ;HH { x} B BlfAe HaKJIOHHOro «'IaCTOKOJia» 

(cM. pMC. 139). 

-3 -2 -1 

y 

2 

1 

-1 

1 

Pn:c. 139 

2 3 x 

J(x) = {x} 

Ilpe,i];CTaBJI5.lIOT MHTepec TaK)Ke rpa¢MKM <l>YHKu;MM {f(x)} M !( {x} ). 

,Il,JI5.l ITOCTpOeHM5.l rpa¢MKa <l>YHKIJ;MM {f(x)} o6JiaCTh orrpe,n;eJieHM5.l ¢yHK­

IJ;MM f ( x) Ha,n;o pa36MTh Ha rrpoMe)KyTKM, B Ka)K,!l;OM H3 KOTOphIX BhlIIOJIH5.l-

IOTCR COOTHOIIIeHMR 

-l~f(x)<O, 

O~f(x)<l, 

l~f(x)<2, 

TaKoe pa36MeHMe MO)KHO ocyru;ecTBMTh, rrOJih3Y5.!Ch rpa¢MKOM ¢YHKu;MM 

f(x) (cM. pMc. 140). TaK KaK {f(x)} = f(x) - [J(x)], ,!l;JI5.l Ka)K,!l;oro M3 rrpo­

Me)KyTKOB ITOJIY'IMM COOTBeTCTBeHHO 

{f(x)} = f(x) + 1, 

{f(x)} = f(x), 
{f(x)} = f(x) - 1, 

Ha pHc. 141M142 rrpMBe,n;eHhI rpa¢MKM ¢YHKIJ;Mii: y = { x 2 } My= {sinx }. 

,Ii,JIR IIOCTpOeHM5.l rpa¢MKa ¢yHKIJ;MM f ( { x}) 3aMeTMM' 'ITO f ( { x}) = f ( x) 
B IIOJIYMHTepBaJie [0, 1); I109TOMY f( {x} )= f(x) IlpM 0~ X < 1 (cM. pMC. 143). 

IlpH M3MeHeHMH apryMeHTa x OT 1 ,n;o 2 ¢YHKIJ;M5.l { x} H3MeH5.leTCR OT 0 

,!l;O 1; II09TOMY rpa¢MK <l>YHKIJ;MM J({x}) B IIOJIYMHTepBaJie [1,2) «IIOBTOp5.l­

eTCR». ,Il,JIR Ka)K,n;oro M3 rroJiyMHTepBaJIOB [n, n + 1), r,n;e n - JII06oe u;eJioe 
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' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 

y 

-1 

y 

4 

3 

' 

-2 

' ' ' ' ' ' ' ' ' ' ' ' ' 

-1 

2 

y = sinx 

\ 
1 2 3 x 

y = f(x), 

Y = {f(x)} 

Pnc. 140 

/Fx' 
; 

/ y = {x2} 

1 2 x 

f(x) = x2 , {f(x)} = {x2
} 

Pnc. 141 

y 

y = {sinx} 

"" 
-1 f(x) = sinx, 

{f(x)} = {sinx} 

Pnc. 142 
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y 

3 

\, /-1 0 1 ............... ;" 

-1 

2 3 4 

y = f(x), 

y=f({x}) 

Pnc. 143 

-3 

. . . . . . . . . . . . . . 

y 

4 

3 . 

-2 

. . . . . . . 2 . 
' . . . . 

' 

-1 0 

Y = {x}2 

1 2 x 

x 

-1 f(x) = x2 , f({x}) = {x}2 

Pnc. 144 

y 

y = sin{x} 

-1 
y = sinx 

f(x) = sinx, 

f({x}) = sin{x} 

Pnc. 145 

x 
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qHCJIO, rpa<lmK cPYHKIJ;HH f ( { x}) HMeeT 0)1,HH H TOT )Ke BH)l,; 1103TOMY )l,JI5I 

110CTpoeHH5I rpa¢HKa cPYHKIJ;HH f ( { x}) )l,OCTaTOqHo ero llOCTpOHTh B llOJiy­

HHTepBaJie [O, 1). QqeBH)l,HO, cPYHKIJ;H5I f ( { x}) rrepHO)l,IIqecKa5I, ee rrepHO)l, 

paBeH e)l,HHHIJ;e. 

Ha pHC. 144 H 145 rrpe)l,CTaBJieHhI rpa¢HKII cPYHKIJ;Hit y = { x }2 

Hy= sin{x}. 

Yrrpa)lrnemui: 

IIocTpoitTe rpa¢HKH cPYHKIJ;Hit. 
75. y = {2x}. 
76. y = { arccosx }. 
77. y = {x2 - 2x - 1}. 
78.y=2{x}. 
79. y = arccos{ x}. 

80. y = {x}2 - 2{x} -1. 
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OTBEThl K YIIPA)K:HEHIUIM 
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j f(x) = tgx, 

i f(-x) = tg(-x) 
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OTBETbI K YTIPA:tKHEHIHIM 

\"' .... 
........... 

\~ctgx 

\\ 
\.._., 

', 

y = ctg(-x) 

-3 -2 ?t-,-1 0 
-2'\ \I 

y 

f(x) ==: ctg x, 

f(-x) ==: ctg(-x) 

y = arcsin(-x) 2 y = arcsinx 

1 

-2 -1 1 2 x 
f(x) = arcsinx, 

f(-x) = arcsin(-x) 

y = arccos x Y y = arccos( -x) 

\ 3 
\ 
'',,,2 

',, 

-2 -1 0 1 2 x 

f(x) = arccosx, 
-1 

f(-x) = arccos(-x) 
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6. 

7. 

8. 

OTBETbI K YIIPAMHEHIUIM 

y 

y = arctg(-x) 

1 

-2 -1 

-1 

y 

2 

1 

.. ~·,;' 
-2 -1 

y = arctgx 
.. ----

1 2 x 

f(x) = arctgx, 

f(-x) = arctg(-x) 

///y~x' 

1 2 3 x 

-1 f(x) = x 2
, 

-2 

-3 

y = -sinx 

',, ______ -2 -1 

y 

2 

1 

',,___________ -1 

y = sinx 

-j(x)=-X2 

y = -x2 

1 2 '".X 

f(x) = sinx, 

-j(x) = - sinx 
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10. 

OTBETbl K YIIPA)KHEHIUIM 

y = -tgx Y 
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